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OTOBPAXKEHMUE «<KOT APHOJIbJIA»: KBAHTOBBII XAOC U
JTHUHAMHKA ONNEPATOPORB B IIPEJCTABJIEHNU TEM3EHBEPTA

C.I1. Ky3neyos

PaccmarpuBaercst MOJIENbHAs KBaHTOBash CHCTEMa C  JIMCKPETHBbIM BPEMEHEM,
KAaCCHYCCKHM  aHANOroM KOTopoll sBAseTca orobpakeHHe ¢ XaoTHYECKON HHaMHKOW,
M3BCCTHOE KaK «KOT ApHonb/ia». B cuily HanoxeHHbIX Ha a3oBoe NpoCTPaHCTBO YCIIOBMH
NepUOIUYHOCTH, COCTOSIHUE KBaHTOBOH CHCTEMbl NPEJCTABIAETCS BEKTOPAMH KOHEUHOMH
pasmepHocti N, a oneparopbl — Mmarpuuamu NxN. LlenouncnenHoii napamerp N
XapaKTepH3yeT OTHOCHTENbHYIO BEIUUHHY KBAHTOBbIX 3(h(eKTOB; KIAaCCHUECKOMY Mpepeny
orsedaerT N—yoo. [IpejlokeHo OTOOpaXEHHE, ONHCLIBAIOLIEE 3BOMIOLMIO BO BpPEMEHH
oneparopoB KOHEYHOrO CHiBHI'a 110 KOOpPJIMHATE U MMNYALCY B fipejicTaBnctuu IefizeHGepra,
M YCTAHOBJIEH SIBHLIH BHJ[ COOTBETCTBYIOWErO ONEPATOpPa 3IBOMICGUHH B IIPECTaBACHAH
Ulpennrepa. Ipusopsitea n o6cy)atOTesl pesybTaThl PELIECHUS HECTALMOHAPHOM 3a/lauH ¢
HAUAJILHBIMH YCJTOBHSIMH B BHJIC IOKAIH30BAHHOTO COCTOAHHS, JIBYX JIENIbTa—THKOB, rayccoBa
BOJIHOBOTO nakera. OOcyxjaerca NpeNCTaBNeHHe KBaHTOBOH jiMHaMuKK B  (hasoBOM
NpOCTPAHCTBE B TEPMHHAX pacnpefienetns Xycumu v dynkuun Burhepa, a Takxe cuextp
KBa3HIHEPTHA H CTPYKTYpa CODCTBEHHBIX BEKTOPOB B CBETE JIMHAMHKHU Tefi3eHGEproBeKux
OfepaTopos.

Beengenue

H3BecTHO, UTO KIIACCHUECKHE HEMMHCHHBIE CHCTCMBI MOTYT HEMOHCTPHPOBATEH
IMHAMMIEeCKHH Xaoc. C Apyrod CTOpOHDBI, ONMCaHHWE NUHAMUKH Ha (PyHAAMEHTAIHLHOM
YPOBHE MMOApPAa3yMEBAacT HCMONL30BAHUC HE KJIACCHMYECKOH, a KBAHTOBOH MEXaHHKH.
IToaTOMy BO3HMKAET NPHHIMIHKATLHBIA BONPOC — KaKUMH OCOOCHHOCTSMH OyfieT
XapaKTEPU3OBATHLCH JIMHAMHKA KBAHTOBBIX CHCTEM, KJIACCHUECKHE AHAJIOIH KOTOPLIX
o0najaloT  XaOTHUECKUM moBefeHWeM? Bompoc 31or  oKazancs TOHKUM W
HETPUBHAIBHBIM, a Il ODO3HAYEHHUS COOTBETCTBYIOmIEH o0O/IacTH HCClIeqoBaHUH
NPUBWICS TEPMHUH «KBaHTOBBIA Xaoc» [1-6].

Kak u B 6onbIIMHCTBE paBoT IO KBAHTOBOMY XaoCy, GyieM HCXOAUTD U3 TOTO, YTO
MMeeTCcs HEKOTOpasik M30JIMPOBAaHHAs OT OCTaJbHOTO MHMpa KBAaHTOBasg cucreMa. Ee
IMHaMMKa B IpefcTaBineHnn lllpepuHrepa omucbiBaeTcst Kak [ICTCPMHHHPOBAHHAs
3BOJIIOIMST BO BPEMEHH BOITHOBO#H (bYHKIMK (BEKTOpAa COCTOSIHMS), @ B MPEJICTABICHUN
Ieiizenbepra — Kak U3MECHEHHE BO BPEMEHH ONepaTOPOB, KOTOPHIE B KBAHTOBOI TeOpHU
3aHMMAOT MECTO KJacCHUecKMX AMHaMuueckux nepemeHHbIx [7-10]. Ipemnonaras
OTCYTCTBME B3aMMOJCHCTBHA CUCTEMBI C MaKpPOCKOMHYCCKHM OKPYXKEHHEM, MbI TEM
CaMbIM MCKJIIOMAacM M3 PACCMOTPEHMs [MCCUNANMIO, a TaKXKe Bech KPYr BOMNPOCOB,
Kacalommxcsi TeOopUM M3MepeHHit («pejyKiust BosiHOBOH yHKimn»). [lpu  aToM,



€CTECTBCHHO, B MOJIC 3PCHUS OCTAlOTCA TOJIBKO KOHCEpBAaTHBHbIE (raMMIIbTOHOBHI)
CHCTEMBDI.

Kasanoch Obl, OuYeBMIHBIE pacCyKJEHHsI OPHBOIST K BBIBOJIy, YTO Xaoca B
KBaHTOBbIX CHCTEMAaX MpocTo He ObiBaeT. [lelcTBHTEIBHO, H3—3a MNpPUHLMIA
HCOIPCACICHHOCTH, MJI1 KBAHTOBOW CHCTCMBI HEJIb3sl TOBOPHTH O 1peObIBaHMM B
3aJJaHHOM TOUKe (pa30BOro NPOCTPAHCTBA, a JIMIIb B AUCHKE KOHEUYHOro pa3Mepa, 06bheM
KOTOpo#l onpepesceTces noctosiHHoN ITnanka h. [Tosromy moGast orpaHH4eHHast 06IacThb
thazoBOrO NpPOCTPAHCTBA CONEPKHUT JIHIIL KOHEUHOE UMCIIO SUeeK, U, CJIENOBaTENbHO,
MUHaMHKa B 3TOH 00nacTM HE MOXeET ObIThb XaoTHueckoi. [Ipyroit apryMmeHt
OCHOBBIBAETCs, B CYIIHOCTH, Ha JIMHeHHOCTH ypaBHeHUs Ulpemunrepa. st puHMTHOTO
JIBUKCHUSL 3TO YpPaBHCHUC MPUBOMUT K MUCKPECTHOMY CHEKTPY COOCTBEHHBIX YHCET —
paspelIeHHbIX 3HAUCHUH 3HEPIHM HIIM, COIJIAaCHO (PyHIAMEHTAJIbHOMY COOTHONIEHHIO
v=E/h, — mucKpeTHBIX dacToT. JIto6oe MBICIIMMOE COCTOSIHUE NPENCTaBIAETCI KaK JIM—
HeliHast KOMOMHalMsl COOCTBEHHBLIX COCTOSHMNA. B CHMIly JHUCKpeTHOCTH CHIEKTpa, OHO
MOXKCT 3BO/IIOHMOHHUPOBATb BO BPEMCHH TONBKO IEPUONUUYCCKH MJIH KBas3d—
11 pUOTITIECKH.

C npyroii cTOpoHBI, KnaccHueckasi AMHAMMKa JIOJIKHA IONIYYaThCsl U3 KBaHTOBOIM
KaK pe3yJIbTaT ONpPEAEJIEHHOIo lpefie/ibHOro nepexopa. Ha 3ToM ocHoBaH 3HaMEHHTBIA
HPUHIMIT COOTBETCTBHUS, ChII'PABIIMA BbIJAIOLLYIOCS POJIb HA pAHHEM 3Tale CTaHOBJICHUA
kBauToRON Teopnu [7,8]. TakuM o6Gpa3oM, MOXKHO CKa3aTh, UTO OCHOBHasi npobiieMa
TEOPHH «KBAHTOBOT'O Xaoca» COCTOMT B OOBACHECHMU TOFO, KaK MOMBIAETCS XaoC MPH
nepexofie K KijlacCUyeckoMy mpejiesry. MOXHO IHM BbISBUTb OCOGEHHOCTH KBaHTOBOM
MUHAMHKM, KOTOpBIE acCOMMpOBANIMCh Obl C BO3HUKHOBEHHEM Xaoca B KJacCHKe?
3ameTHM, YTO HETPUBHAIILHOCTD IIPOGJIEMb] KBAHTOBAHUS U IEPEXONa K KIIACCHICCKOMY
npejiesly sl CHCTEM, HE SBISIONMXCS ITOJHOCTBIO MHTETPHPYEMbIMH, ObLIa OTMEUCHA
ewe B 1917 ropy Ditnnrreinom [11].

Jjisi 1MOHMMAHHUSI KIJIACCHUECKOro Xaoca OOIIelpH3HAaHHOE 3HAaUCHHE HMEET
H3yUCHHE CIIEHHAJILHO CKOHCTPYMPOBAHHBIX IIPOCTBIX MOJEJICH, HOAYaC HE OYCHb
PCATNCTHYHBIX, HO JIOIMYCKAIOLIMX JAJICKO UAYLUMHA TeOpeTHYeCcKHil aHam3. K ux uuciy
OTHOCSATCSI TaKHE CUCTEMBI C JUCKPETHLIM BpPeMEHEM KaK OTOOpaXkKeHHe HeKapsl HIIH
runepooIMUEcKOe OTOOpaXXeHHe Topa «KOT ApHonbaa» [12—14]. Moxso nyMaTh, 9TO
CTOJIb K¢ CYIIECTBCHHYIO polb B IIOHMMaHMM KBaHTOBOIO Xaoca MOJKHbI UIpaTh
KBaHTOBBIC aHAJIOTH Ha3BaHHbIX MOJEIIBHBIX CHCTEM.

PazpaboTka 3TOH HeH Haualach ¢ OCHOBoOIIOJIaralleit paborel Xanuad U beppy,
ony6imkoBannoit B 1980 rogy [15]. C Tex mop mosiBUIOCH 3HAYMTEIBHOE KOIMYECTBO
paboT, MCCICAYIOUMX MOJIENbHLIE KBAHTOBLIE CHCTEMBI, KIACCHIECKMMHM AaHajIoraMu
KOTOPBIX CIIyXaT OTOOpa’KeHMsl C XaOTHUECKOH JMHAMMKOH (cM. 0630p B MOCJIEHEM
pasguenc).

Kak yXe roBOpwJIOCh, OCHOBHOE COJICpXKaHHE INPOOJACMbI KBAaHTOBOIO Xaoca
3aKJIIOYAETCS B BBISCHEHHMHM JIETAJIEH KBAaHTOBO—KJIACCHUECKOTO COOTBETCTBHIL.
HauGonee sBHO NapajUlelIb MEXAY KBAaHTOBBIM M KJIACCHUECKHM OMMCAHUEM
NpoCiIeXKUBaeTcs NPH UCNOIb30BaHUM NpejcTaBicHus [efisenGepra, Korjga KBaHTOBas
IMHAMHMKA TPAKTyeTCs KaK 3BOJIONMS BO BPEMEHM JIMHEHHBIX OIEPATOPOB, COIIOCTaB—
JIEHHBIX [UHAMMYCCKHM IIePEMCHHBIM Kiaccuueckoil cuctembl [7,8,16]. B pa6Gorax,
NOCBSIIICHHLIX KBAHTOBAHMIO MOJICIBHBLIX OTOOpPAa’KEHHH, 3TOMY acleKTy KBAHTOBO—
KJIACCHUCCKOI'O COOTBETCTBHA HE ObUIO NOKA YAEIEHO IOCTaATOYHOIO BHUMAaHHSL.

JlaHHasi CTaThsi UMEET LEJIbIO0 M3/I0XHUTh pe3yJibTaTbl, KOTOPbIE MONYUaOTCA IIPH
KBaHTOBaHMHM B mnpeactaBicHud I'edizenGepra oroOpaxkKeHust «KoT ApHoJIbga» —
npocTreiiei JUHaAMHIECKOil CUCTEMBI C XaOTHUCCKOH TMHAMHMKOH, a3oBbIM IPOCTpaH—
CTBOM KOTOPOH CIIYXHUT HOBepXHOCTH Topa [13,14]. D10 cBocro pona ympaskHeHHC W3
3JICMEHTApHOH  KBAaHTOBOH  MEXaHUMKH, XOTS  JIOCTATOYHO  HECTaHJapTHOE W
aKIEHTHPYIOLICE BHUMAaHHE Ha HECKOJILKO JIPYIHX acleKTaX KBaHTOBOH TEOPHH, HEXeln
9TO JEJAKOT TPaJAWIMOHHBIC YUEOHBLIE KypChl. YPOBCHb H3JIOXKCHHS pacCUMTaH Ha
HIMPOKHH KPYr YuTaTelieli—(U3NKOB, B TOM UHCIIE CTYJEHTOB U aClMPaHTOB, 3HAKOMbIX
€ KypcOM KBaHTOBON MEXaHHMKH.

B pasmene 1 BBomMTCsl KIIaCCHUECKOE OTOOpaXK€HME «KOT ApPHOJbAA»,
oO6CYyXHaloTcd €ro CBOMCTBA M JlaeTCA MEXaHMYECKas WHTEpIpETalusi 3ITOH



MUHAMHYECKON CHCTEMBI, YTO MOATOTABIMBACT NEPEXON K KBAaHTOBOMY PaCcCMOTPEHHMIO.

B paspene 2 onpenenseTcs rmiIbGEPTOBO MPOCTPAHCTBO COCTOSHMI KBAaHTOBOM
cHcTeMbl. Brarofgaps nepuoMuHOCTH Ha TOPE IO [IBYM NIEPEMEHHBIM, 3TO POCTPAHCTBO
OKa3bIBaeTCcs KOHEUHOMEpPHBIM. Ero pasmeprocTh — Henioe uncio N — MOXKHO
TPaKTOBaThb KaK llapaMeTp, XapaKTEePHU3YIOIMi OTHOCUTENBHYIO BEJIMMMHY KBAHTOBLIX
acperTOB. ITOT NapaMeTp OOpaTHO MpOINOPUUMOHAIEH NocTossHHOR IlimaHka, tak aro
nepexoy K KIIaCCHUSCKOMY TIPENICYy COOTBETCTBYET N—eo,

B paspene 3 npou3BoguTcs KBaHTOBAaHME CHCTEMbI B TEPMHHAX IIPENICTaBICHHS
[eitzenGepra pnus ciyvast HeuetHelX N. IloctpocHroe B pe3ynbTaTe omepaTopHOE
(MaTpuuHOE) OTOGpasKeHHE TOPOXKIAET NEPHONUIECKYIO BO BpEMEHH JUHAMUKY MaTpHI]
NxN, KOTOpBIME IIPEACTaBISIIOTCA OMNepaTopbl CABUTA 110 KOOPJAMHATE M HMIYJIBCY.
Hamuune xaoca B KIIACCUKC aCCOIMHPYETCH € TEM OOGCTOATCIILCTBOM, UTO HEPHOJ
KBAaHTOBOW JIMHAMHMKHA B 3aBUCHUMOCTM OT N BefieT cecOst CIOXHBIM, HEpPeryJIsipHbIM
00pa30M U IPHTOM B CPEJIHEM PacTeT ¢ yBeauueHueM N.

B pasgmene 4 paccMoTpeH Iiepexofl OT mOpefAcraBieHus [eiizeHGepra K
npeactapiicnto HlpexuHrepa H IONYYEH SBHBIA BHI YHMTApHOH MaTpuibl NxN,
3aJIafoIleH ONepaTop IBOIFOIUH, WIH NPONaraTop CHCTEMBbI.

B paspgene 5 ofcyxpmaeTcss MOpoKacMasi KBAaHTOBbIM OTOOpPa>KEHHEM Ha TOpE
muHamMMKa BOJHOBbIX (pyHkuuit. IlpencraBieHbl Kak KOMIBIOTEPHbIE PE3YIbLTAThI
pCUICHHST HECKOJIBKMX HavyaJbHbIX 3aJald, TaKk H AHAJUTHUCCKOE MCCIICJOBAHUE,
IPOJIMBAIOLLIEE CBET HAa B3aMMOCBS3b MEX]y XapaKTepPOM 3BOJIIOLMH BOJIHOBOH (DYHKUUH
B mnpexacraicHuu lllpepuHrepa ©  JMHAMHKOM ONEPATOPOB B IIPENICTABJICHUH
I'eitzenbepra.

B paspgene 6 paccMaTpHBaeTCs KBAHTOBBIA AHAJOr KJIACCHUCCKOW (DYHKIIUH
pacnpenenenusi — yHkuus Bursepa, u3secrtHas KakK OUEHb IIOJIE3HBIA MHCTPYMEHT
aHaJIM3a KBAaHTOBO—KJIACCUUIECKOTO cOOTBEeTCTBUSA. (OCHOBHAs LE/Ib COCTOMT B TOM,
yroObl MOKa3aTh, KaK BBIBOIATCA cBoOWCTBA pyHKUMM DBurHepa u3 pguHaMUKH
rei3eHOEproBCKUX OIEpaTOpPOB.

B pasnene 7 ofcyxpaeTca 3amaua Ha COOCTBEHHbIE BEKTOpPBI M COOCTBEHHBIE
3HAUYCHHUS Mponararopa. JIeMOHCTpHpPYETCs, YTO NI OTOOpaXXCHHsA C XaOTHYECKOH
AMHAMMKOH TIPOCTPAHCTBEHHAsl CTPYKTypa OOJBIIMHCTBA COOCTBEHHBIX BEKTOPOB
MOX03Ka Ha peaiM3alfio KOMIUIEKCHOH ciiyualiHoil ociieloBaTeIbHOCTH.

B pazpenc 8 npeacrapiicH KpaTKui 0630p nmyOiaMkammi o npobieMe KBaHTOBOH
JIHHAMUKH MOJICJILHBIX OTOOpa>kKE€HUI Ha TOpeE.

B npwioxkeHHH A npou3BOmMTCS  00OOLEHHE MNpoLeAypbl KBaHTOBaHMS
oTobpaxeHus1 KoTa ApHonbia Ha 4veTHble N. B npunoxenun B paccmarpuBacTcs
IUHaMUKa B npejcrasicHuu ['eiisenGepra onepartopa, NOCTPOCHHOIO KaK KOMOHMHALMsL
CIBHTOB MO KOOpAUHATe U UMIynscy. [loka3aHo, 4To ¢ TOUKaMU NEPHOAHUECKUX OPOUT
(IIMKJIOB) KNACCHMYIECKOI0 OTOOpakeHUA KOTa APHOJIb/Ia aCCOMUPYIOTCS ONpEEICHHbBIE
3aKOHbI coXpaHeHMs (OIepaToOpbl CAMMETPHH ) JUIsi KBAHTOBOI'O OIIEpATOpa 3BOJIIOIMHA 32
nepuon nmkia. B mnpunoxeHun C oOcyXpmaeTca CBA3b MEXKAY IME€PUOAMIECKUMH
OpOHMTAMH KJIACCHIECKOIO OTOOpPaKEHHsI M CIEKTpalbHbIMH CBORCTBAMH KBaHTOBOH
CUCTEMBI.

1. Knaccnueckoe oToOpaxkeHne KoTa ApHoOJbAA
H ero MeXaHn4ecKas MHTepnpeTanus

HNmes B BHAY Iochenymoliee oOpalleHHE K KBAaHTOBOM 3ajauye M TOT (PakT, 4To
KBAHTOBBIC MPENICTABJICHUSA B (PH3UKE aCCOLMUPYIOTCSI PAaHbLUE BCEIO C MEXAHUKOM, CTO—
HT BBECTH B PACCMOTPEHUE OCHOBHYIO MOJICJIb HIMCHHO B MEXaHHUCCKOM TpakToBKe [17].

IlycTh wacTHIia Macchl /1 ClIOcOOHA CBOOOIHO ABHIaTLCA IO OKPY>KHOCTH, JIMHA
koropo L,. [TosmoxeHne TacTHIb] 3aJacTCA BEJIMUMHOM X — JUIMHOW JYTH, OTCUMTBI-
BacMOH BJIONML OKpy>KHOCTH. IlycTh, pHanee, wuepe3 Kaxibli MHTEpBal BpeMeHH T
IEPUOJIKIECKH BKJIIOUACTCA Ha OUEHb KOPOTKOE BpEMsl BHELIHEE CHJIOBOE TOJIE.
Pacnpesenesue 3Toro noJs no X CUMTAaeTCs TaKUM, UTO IOJAYyYacMbIil YaCTHIICH UMITYJIbLC



IIpAMO IIPOMOPIHMOHAJICH €€ KOOPIUHATE B MOMEHT TOJIUKa: APZ‘YX. HaKOHC[I, MOCJICTHCC

IPENNONIOXKEHHE, KOTOPOE € (PUIUUECKOH TOUKHU 3PEHHS MOXKET IOKA3aThCsi NOBOJILHO
HCKYCCTBEHHBIM, COCTOMT B TOM, UTO MO UMIYJIbCY (pa30BOE MPOCTPAHCTBO OOJIAJAET,
KakK M N0 KOOpAMHaTe, CBOHCTBOM MEPHOUMYHOCTH; COOTBETCTBYIOLUMIA IEpPHO]
o6o3HauMM L, VIHBIMH CIIOBaMM, 3HAYEHHMsl HMIYJIbCa YaCTUILb], OTJIHMYAIOLIMECS Ha

LieJI0e UMCIIO NIEPUONIOB L, CUHTAIOTCA 9KBHBAJIEHTHBIMU. Ecin HenmocpencTBeHHO nepe]
OUCPEIHBIM TOIYKOM MMIIYJIEC W KOOpHUMHaTa ObUIM p W X, TO Cpa3y MOCJE TOIIKa
KOOpMHATA HE M3MCHUTCA, a MMIIYJIBC CTaHCT paBeH p'=p+yx. ITocie aroro wacruia
JIBUKETCS 110 HHEPLUH, €€ UMIIYJILC COXPAHSETCs], a CKOPOCTE paBHa p’/m. Yepes BpeMs
T npupanieHue KOOPAUHATBI COCTABUT Ax=p’T/m, Tak YTO nepei oUepelHbIM TOJTIKOM
uMeeM

pP=p+yx (modL,),

X =x+pTim (modlL,),

rie 3HaYOK MOJYJIS HAIOMUHAET, YTO KOOPAMHATA M MMIYJIBC ONPEC/ICHbI ¢ TOUHOCTBIO
no A00aBOK B 1eJoe uMcIo nepuonoB L, wimm L, BeiGupasi napaMeTpbl Tak, YTOOBI
yIlm=1 u L /L =Y, n HOpDMHpPYSl UMITYJILC U KOODPJIUHATY, COOTBETCTBEHHO, Ha L, u L,
nojyyacM

p=p+x, ¥X=x+p (modl), (1.1)
HITH
p=p+x, xX=p+2x (modl). (1.2)

[MocTpoeHHoe mnpeobGpa3oBaHUe INEPEMEHHBIX p M X, KOTOpPOE 3ajacT HM3MEHECHHE
COCTOSIHHE CHUCTEMBbl 3a CIMHUUHBIA HHTEPBAJ BPEMEHM, Ha3bIBAIOT OMOOpaxceHuem
xoma Aproavda (Arnold cat map). Ha3panue o6BACHAETCS TEM, UTO MPENTOKUBIIMIA
ato orobpaxenue B.U.Apuonsa [13] ansg wimoctpanuu ero JeHCTBHS HCIONB30BAl
KapTHHKY B Bufe KoTa (puc. 1). 'eoMmeTpuuecku nepsblil H1ar Nponeaypbl COCTOHT B

(mod 1)

0 P 1

Puc.1. ['eomerpryeckas MUTIOCTpaLUs JEUCTBHS KIIACCHYECKOI0 OTOOpaXkeHus "koT ApHoubaa'.

6



. P 11 .
JTMHEWHOM TNpeoOpa30BaHHM KOOPIHHAT v = {9 , @ BTOpo#l — B IlepeHoce
X

3JIEMEHTOB KAPTHHKH, YIAaJMBIIMXCS 33 PAMKH €IHHMYHOIO KBajipaTa, OOpPaTHO B HErO
(mociremHee OTBEYAET, KOHCUHO, ONEpaLi B3ATHA MonyJst). Bitarogapsi nepuoguuHOCTH
10 IByM NepeMEHHBIM X U p, a30BO€ IPOCTPAHCTBO OTOOPAXKEHUS MOXKHO MBIC/IMTh KaK
MOBEPXHOCTb  TOPa, XOTH U1 HAIANHOIO MpeACTaBIICHAA IMHAMHMKHM  ynoOHee
HCIOJIL30BaTh HPOCTO CMHNYHBIM KBaJIpaT, Kak Ha pHC. 1.

B nameit MexaHuueCcKOM MHTEPNpeTaldd JBHKEHHUE YaCTHILI KOHCEPBATHBHO, TO
€CTh MbI HMEEM JIEJIO ¢ TaMHIBTOHOBOH cucTeMoil. MaTeMaTHYEeCKH 3TO BbIpaXkacTcs B

11 ,
TOM, 4TO ACTCPMHUHAHT MaTpHUbLI M = 1 2 | 3anaromei oTobpaxeHue KoTa ApHOJIbJA,

paBeH 1, 1 OHO coxpansieT Mepy (ITomanb) Mmobol 061acTH, HallpUMEpP, H300PaKeHUs

KOTa.
MoxH0 paccMOTpeTh Gojlee IMPOKHIA KJIacC JIMHEHHbIX OTOOpaXeHHH Ha Tope,

OIIPENICNIACMBIX BCCBO3IMOXKHbBIMH MaTpuiaMHu 2x2 ¢ UEJIOMMCIICHHBIMH JJICMCHTAMH H
CIUHUYHbLIM ONPEICIUTEIICM:

p| |ab|r

= (mod 1), 1.3
X cdll x (1-3)
ad —bc=1.

Brarofaps TOCHEIHEMY YCIOBHIO, cooTHomeHne (1.3) ABIAETCHA, MO TEPMUHOJIOTHM
KJIACCHUECKOM MEXaHHKHM, KaHoHudeckum npeobpa3océanuem. 3TO  IO3BOJAET
TPAaKTOBaTh MEPEMEHHBIC p H X KaK HMIYJIbC M KOOPHMHATY HEKOTOPOH MeXaHHIEeCKOH
FaMHJIGTOHOBOH CHUCTEMBI. B 3aBHCMMOCTH OT COOCTBEHHBIX UMCENl MATPHIBI A, A,

otoGpaxkenus puna (1.3) oTHOCsATCS K OHOMY M3 TpeX THIOB [15]:
~ runepGOMMYECCKHi, €CIH ONHO M3 COOCTBEHHBIX YHCCIH fomnbuie, a BTOpPOE

MeHblIe 1,

— napaGosmyueckuit, ecma A, = A, = 1,

— 3JUTAIITAYECCKUM, €CJIM A H A, KOMINIEKCHO—CONPSXEHHDIC.

OTtobpaxeHne KoTa APpHONbJAa OpPHHAIVIEXHT K THICPOOJMYECKOMY THITY,
MOCKOMBKY ero cobeTennble uncna A=(3+512)/2 u A,=(3-512)/2.

TpuBeneM NpUMEpPBI OTOGPAXKEHHMI IBYX IPYIUX THIIOB.

Ec/i B NPHBEJEHHOM BBILIEC PACCYXKACHAH HCKIIOYMTh UMIYJIBCHbIE TOTYKH, TO
NOMYIATCA OTOOpaXeHMe NapaGoAMUecKOro THMa, KOTOpOE OIKMCHIBACT CBOOONHOS
IBMKCHUE YaCTHIBL:

p=p, ¥Y=p+x {(modl). (1.4)

KaHoHHMUYECKOe Npeobpa3oBaHHe, MEHSIOIIEE MECTaMM KOODIMHATY M MMILYJIBC,
CITY>KUT IIPUMEPOM OTOOPAXKEHHS JUIMITHYCCKOrO TUIA:

p=x, ¥=-p (modl). (1.5)

Ha puc. 2 NoKa3aHO, KaK 3BOJIONMOHMPYET HEKOTOpas MPOMU3BOJIBHO 3afaHHas
HayajbHas OOGNacTh MpH IOCIEHOBATCNBHBIX MTEPalMAX OTOOpaxeHus [runepbo—
mayeckoro (a), napaGommueckoro (6) ¥ UMITHIECKOrO (6) TUMa.

IIpu wTepanusx TCHIEPOONIMYECKOro OTOGpaXKEHMs 3aKpallicHHas oOIacTh —
M306paKCHHE KOTA — BBITATHBAECTCs BJOMb HANPABIICHUS NEPBOTO (HEYCTOWYHBOIO)

COGCTBEHHOIO BEKTOpAa Ha KaXKIoM IIare B A; pa3 HM CXHMMAaeTcsd BJOIb BTOPOIO
(ycTo#umBOro) cOOGCTBEHHOrO HANpAaBJICHHS COOTBETCTBEHHO B A, pa3. Benuunne!
A=log A, u A,=log A, NpeACcTaBIsAIOT COOOM JIAMYHOBCKHE NTOKA3aTEe/IH, IPHICM CcTapLIMid
nokasatellb A, IONOXWTEJEH. JTO H3BECTHBIH [PM3HAK HAIM'MS HEYCTONYMBOCTH
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Puc. 2. CpaBHeHue KknaccHyeckoit JIMHaMHKHM Ha Tope Ui oroGpaxeHuil runepGonudeckoro (a),
napaGonudeckoro (0) u anmunrudeckoro (6) THnoB. B runepGonuyeckoM cllyyae HMEET MECTO
nepeMellMBaHHe W 3projituiocts. B napabonnyeckoM ciyvae o6pa3 sakpallcHHOR (Hryphbl ocTaeTcs
1o UMNYJILCY B CBOEM ONPEJiEICHHOM HavajlbHOM HHTepBane. [ns 3AAHATHYECKOro cliydasi 3BORIOLNSA
CBOJIMTCH K TIOBopoTy Oe3 MaMeHeHus ¢opmbl ¢urypel. B ormune or puc. 1, Havano kooppuHar —
royka x=(), p=0 pacnonoxeHa B UeHTpe KBaj|para

¢ha30BbIX TPACKTOPHI MO OTHOILICHMIO K MaJIOMy BO3MYIICHHIO HAaYaJILHBIX YCJIIOBHHA M
BaXKHEHIIMHA aTpUOYT AMHAMUIECKOrO Xaoca.

Ilocie pgocratouHo  OONBIIOIO  4YMCHAa  UTepaluil  H300pakeHHe  KOTa
NpeBpalaeTcss B UpPe3BbIYAHHO Y3KYIO IOJIOCY, BBITSHYTYIO BJIOJAb HEYCTOHYHMBOTO
COOCTBEHHOI'O HAIIPABIICHHSA, TO €CTh OJIM3KYIO K JUIMHHOMY OTPE3KY JIMHHMH, 3afaHHOM
ypaBHeHuem p=[(512-1)/2]x (mod 1). H3—3a ToOro, uro yrioBoi Koa(GHUHEHT
UppaLHOHRAJICH, 3Ta JIMHUS IOKPbIBACT IOBEPXHOCTH TOpa BCIOAY NoTHO. Iloatomy
KapTUHA BbINAUT KaK HaOop OOJIBIIOIO UMCIIA Y3KUX YEpPEAYIOLIUXCS YepHBIX H OelTbIX
NOJIOCOK, B KOTOpble  IPEBpPaTHUIIMCh, COOTBETCTBEHHO, MHOXECTBO TOUEK,
NpUHAIVIEXKAIMX U300pakKECHHIO KOT4, M JJOHOJHEHHE 3TOTC MHOXecTBa. BhIpaxasch
OOBIIEHHBLIM  fA3LIKOM, «4YepHasg» U «OBenas» SKMAKOCTH OKa3bIBAIOTCA XOPOLIO
nepeMelranibiMM.  CBOHCTBO MNepeMElMBAaHUsI B €r0  TOMHOM MaTeMaTHIECKOM
¢hopMyJIMPOBKE CTPOro NOKasbIBa€TCA I FHIEPOOIMIECKHX OTOOpasKeHHW Ha TOpe |
CJIY>XUT I'TaBHBbIM OCHOBAHHMEM [JIs1 3aKJIFOUCHHSI O XaOTHUECKOH JIHHAMHKE 3THX CHCTEM
[13,14]. B uyacTHOCTH, H3 NEpEeMELIMBAHKs CICAYET CBOMCTBO 3ProMYHOCTH, KOTOPOE
COCTOHUT B TOM, YTO BBIUMCIICHHE CTATUCTUIECKUX CPEJHUX IO aHCAMOIIO 9KBUBAJIEHTHO
YCPEMHEHHUIO 10 BPCMCHM BJOJIb THIIMMHON MHAMBUIYAJIbHOH TpaekTopuu. CpaBHHBas
pHuc. 2, a—6, MOXHO HAarJIAJHO BMICTH, YTO HU MapabonuuecKkoe, HU IILUITMITHUCCKOE
0TOOpaKEHNA CBOMCTBOM INepeMellUBanus He o01afatoT.



2. Ilepsbiil 1ar B npoleaype KBaHTOBAHHA: KOHEYHOMEPHOE r'MILOEPTOBO
POCTPAHCTBO, OTBEYAKIIlee IHHAMHKE Ha Tope

PaccMOTpHM BOIpOC O TOM, 4TO GYAET O3HAUaTh C KBAHTOBOH TOUKH 3pCHHUA
TIePHOAMYHOCTL (PA30BOIO MPOCTPAHCTBA OfHOBPEMEHHO 110 JIBYM IEPEMEHHBIM —
KOOpJMHATE H MMILYJIbCY, TO €CThb TOT (paKT, UTO (ha30BBIM MPOCTPAHCTBOM CITYXKHT
noBepxXHocTh Topa [15,17,18].

Ec/ii IpH KBaHTOBOM ONHCAHUM OTHOMEPHOTO JIBMIKCHHUS UACTHIbI €€ BONHOBas
(pyHKIMS B KOODJAMHATHOM MNPCACTABICHHH W(X), a B MMIYIbcHOM — Y(p), TO oTH

(bYHKIIH CBsI3aHbI TIPAMBIM 1 0OpaTHBIM NpeoOpa3oBanneM dDypbe:

W(p) = 2nh)-12 [y(x)exp[~(i/ K)px]dx,
(2.1)

y(x) = (2nk)-12 fy(p)exp|(i/H)px]dp.

IMycrs Teneps dyHKuus y(x) uMeer nepuop L, a QYyHKIHA y(p) — uepuon L,
U3 nepuommunoctd w(x) ciuepyer, uto ee ¢ypbe—obpas — ¢ynkuus y(p) -
pejcTaBisieT co0oi «rpeOGeHKy» U3 O—(PYHKLMA, PACIONIOXEHHBIX HA OCH BOJIHOBBIX

yucesn B Toukax 2mn/L,, riae n — uenoe, TO eCTh ¢ IAaroM Mo MMNyibcy Ap=2nh/L..
TMockonbKy hyHKIMS W(p) TOXKE MEPHOAMUHA, €€ NEPHON L, 0bsi3aH cojicpXXaTh LeIoe

amcio waros: L,/Ap=N. TTojicTasiisis Ciolia BhIpaXeHHeE Uit Ap, IOy TaeM
LL,=2nhN, N - nenoe. (2.2)

Orciona clieflyeT, YTo B MMIIYJIbCHOM IIPEJICTABJICHHM BOJIHOBasl (DYHKIMS TONHOCTBIO
ompenensercs 3ananeM N KOMIUICKCHBIX KoacduupenTos {y, k=0,1,....N-1}:

V(p) = iy Wiy (x—kL/N) (2.3)

(11 yupoIUCHHSt 3aNHMCHM NIPUHMMACM  OOO3HAUCHHE 8 (...) mns L—mepuonuueckoi
IOCJICIOBATENILHOCTH S—(YHKIIHIA. )

AHAJIOTHTHOE PACCYX/IEHNE MOXKHO MPOBECTH W B OOPATHOM TOPSJIKE: U3 NEpHO—
muunoctd y(p) cnenyer, uTo YHKUMA W(x) €CThb «rpeGeHKa» W3 S—(hyHKIMH,
PACTONOKEHHBIX Ha OCH X B Toukax x=2mmh/L,, To ectb ¢ warom Ax=2rh/L,. Tak Kak

dynxuys y(x) oGsi3aHa UIMETh NIEPHOJ L, HOIKHO OBITH L /Ax=N, ¥ Mbl BHOBb IPUXOITUM
k coorHotrennto (2.2). UTak, B KOOPIMHATHOM IIPEICTABJICHMM BOJIHOBask (DYHKI
TOXe MOJNHOCTBIO ONpeNieNseTcs 3ajaHueM N KOMIUIEKCHBIX KoathhULUUEHTOB {y,,, m=

=0,1,...N-1}:
w(x) = Z,50 W8, (x~mLJN). (2.4)

Takum 00pa30oM, Mbl 3aKIIIOYAEM, ITO
1) ru6epTOBO MPOCTPAHCTBO COCTOSIHUA HALIEH CHCTEMBI €CTh KOHC'THOMEPHOE

IPOCTPAHCTBO KOMIUIEKCHBIX BEKTOPOB pasMEpHOCTH N.

2) Ha mapaMeTpbl 3ajaud, UpH KOTOPHIX BO3MOXHO HENPOTHBOPEUMBOC
KBAHTOBOC OINWCAHHUE CHCTEMbI ¢ JIMHAMMKOA HAa TOpE, HAJIOXKEHbl OrPaHWICHUA,
BbIpaxkaeMble popmyoit (2.2).

Kak wu3BecTHO, B OCHOBY MNOCTPOCHHS KBAaHTOBOW MEXaHMKH 3aKjIafblBacTCs
Tpe6GoBanne, UTo0b! npu i—0 uMes10 MECTO COOTBETCTBHE € Kjaccuueckoi Teopueil. B
jajaue O JMHAMHKE Ha Tope, OyAyud He BIpaBe TPaKTOBaTh h KaK HENPEpPhIBHYIO
[ICPEMCHHYIO, Mbl MOXCM pACCMAaTpUBaTh TNPENC/IbHBIL INEPEXOjl Ha JIMCKPETHOM
MHOKECTBE 3HAUCHMH, paspeleHHbIx hopmysoi (2.2). B 9TOM CMBICIIE KIIACCHICCKOMY

npeney oTBeuaet N—oo.



I"'oBOps © KOOPAMHATHOM IIPEJICTABJICHHH, MBI TENIEPh BCerfa OyieM UMETh B BHJTY
npocro N—MepHblit  BeKTOp {y,}, @ ToBOps 00 HMIYIBCHOM IPEACTABICHUN
Bektop {y;}. Ioncrasmsa (2.4) B (2.1), nerko ybemurnest, ¥ro 06a HaGopa wmcen {y,}
n {y;} cBsi3anbI IMCKpeTHBIM IpeobpaszoBanueM Dyphe:

Wi = N-12 B0y exp(=2rimk/N) = N-12 Z," oy, ok, (2.5)

v, = N-12 S exp(2rimkIN) = N-112 Z.Y N omk, (2.6)

3nech BBeeHO obosHadenne o=exp(2mi/N), KoTopoc OyIeT HUCIONB30BAaTLCS U JIAJIee.
7151 onepaTopoB IPSMOro i oOpaTHOro npeodpasobanus Pypue npuMeM CUMBOJILL F 1
F+. DTH onepaTopbl NIpeACTaBIAIOTCA MaTpHIlaMy pa3Mcpa NxN, 3JIEMEHTBI KOTOPbIX

an = o-mnfN1/2 " F+mn = qmnfN1/2, (27)

Ecrm niepuopp! L, 1 L, pHHATH 3a eqHmILy, TO y(x) u y(p) nMeror BUJ rpeGeHKn
u3 S—ynkuumit ¢ oquHakopbiM maroM 1/N. Cornacho (2.2), kBaHTOBast mocTtosiHHas h

noquMHeHa Torja yciosuto 2nhi=1/N.

B 3akimodyeHHe pasfieda  3aMETHM, YTO B  PacOpPOCTPAHEHHOW CHCTEME
obosHaueHuii [upaka [10,9] BekTOop—cTONOEH HA3LIBAETCH Kem—8eKmop W
oGo3HauaeTcs la), e a — KakoW—JHOO CHMBOJ, NMOMEYAIOIMA NaHHOE COCTOSHHE.
ConpsikeHHBI BEKTOP—CTPOKa HasblBaeTca Opa—eexmop W oGosHadaetcs (bl, a ux

CKaJISIpHOE TIpou3Befienne («mosHas ckobka» — bracket) ects (bla). B HameM ciydae 310

BEKTOPBI, MMetolmue N koMnoHeHT: ) = [Wo Wy ... W ]7, (9l = [¢% ¢*) ... ¢*y_1], u mpH
N-1

aToM (Qly)=20 ¢" V-

3. Onucanne AMHAMHKH 0TOOpaXkeHHs KOTa APHOJIbLIA
B npeacTapiiennu IefizenGepra

Kak H3BECTHO, B KBAaHTOBOH MeXaHMKe KaXXaof (U3MUYECKOH BEJIMUMHE
(«HAGIIONAEMOR» ) CONOCTABISCTCS IPMUTOB oliepaTop. B npencrasieHnn I'eisenbepra
CUMTAETCS, YTO OIePaTopbl SBOMIONMOHHPYIOT BO BPEMEHHM, a BEKTOp COCTOSHHSA, Ha
KOTOpbIii OHH JIEHCTBYIOT, OT BpeMeHM He 3aBHCHT. B npencraBmenmn lllpemmurepa,
HaoBOpOT, OmepaTopbl CUMUTAIOTCA HEM3MCHHBIMH, a BO BPCMCHH 3BOJIIOIMOHUPYET
BEKTOp COCTOsiHMs. B HallleM cllydae oNepaTopbl OyIyT ACHMCTBOBaTb B BEKTOPHOM
IPOCTPAHCTBE pasMepHocTH N M NpeNCTaBIATbLCS Marpuiiamu NxN. B atoM paspgene
KOHCTPYMPYETCsi ONEPaTOPHOE OTOOPaKEHHE — KBAHTOBBIA aHAJIOT OTOOPAXKCHUA KOTa
ApHOJIbIa B ipefcTaBiaeHnu Ieiszendepra.

HauseM ¢ TpPUBMAJILHOrO 3aMCYaHHMd, OTHOCHAILETOCH K KJIaCCHYECKOH 3ajiave:
oTobGpaxeHHe KoTa APpHOIbJa MOXHO mNepedopMyimpoBaTh Tak, 4ToGbl M30¢XKaTh
MCIONB30BaHMsA OllepalMy B3ATHS MOfyJsi. [IIs 3TOro BMECTO p M X BBEJCM HOBBIC
1lepeMCHHBIC

K =exp(2rip) u A = exp(2mix), (3.1)
Tak uro orobpaxkenuc (1.1) npuaumaeT BAN
K =KA, A =AK. (3.2)

C yucTOM 3TOrO 3aMEYaHMs, OINMCAHWE JMHaMMKM B TpepcTaBicHun [eisenbepra
esecoobpa3to OpMyTMPOBATh B TEPMHHAX OIIEPATOPOB, OTBEIAIOUIMX BeMIMHAM K 1
A. Kak cefiac 6yeT SICHO, 3TO ONEpAMOpbL KOHEHHO20 CO8U2A HO KOOpOuHame u
UMnYALCY, H3BECTHBIE Kak onepamopst Beiinn — I'etizenbepea [19,20].
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Paccmorpum oneparop K,=exp((i/h)ap), roe p=—ihd/dx — oneparop uMmmyibca, a
~ TpOM3BONBHOE BElleCTBeHHOe 4HCNo. EciM npefcTaBuTh 3TOT onepaTop B BHJE
TEHJIOPOBCKOIO pa3jioXEHHsl, TO OUCBHIHO €ro COBMAfiCHUE C OIEPAaTOPOM KOHEUHOrO
CHBHUTA HA a:

K y(x) = exp((if B)ap)y = w(x)+ay’ (x)+(a22)y” (x)+(a¥6)y” (x)+... = y(x+a). (3.3)

B uMIyJIbCHOM NpEfCTaB/ICHUN JIEACTBUE onepatopa K, OTBEYaeT IPOCTO YMHOXKCHUIO
Ha akcnonenty: K, y,=exp((i/ h)ap)vy,,.

Onepatop CABMIa [0 MMIYJIbCY Ha b B KOOpIMHATHOM IPEJCTaBICHHM
oIpeIeAeTCH KaK YMHOKEHHE HA 3KCIIOHEHTY

Apy(x) = exp((i/ h)bx)y(x). (3.4)

B MMIIy/IbCHOM NPEJICTABIEHHH 3TO onepatop A,y,=exp((i/ R)bx)y,, rne x=iholdp.
PesymbraT peiictBus omepatopoB K, m A, Ha ¢yHkumMio y(Xx) 3aBUCUT OT HX
nopsjKa:

K Apy = exp[(ilh)(bx+ba)w(x+a), AK,y =exp[(i/ h)bx)]w(x+a).

2710 MOXKHO 3allHCcaTh B BUJIE NIEPECTAaHOBOUHOIC COOTHOHICHUA

K A, = exp|(i/mbalAK,,

KOTOpOE JIjIsl ONEPATOPOB KOHEUHOrO CIBUIa 3aMEHSAET M3BECTHOC NPABUJIO KOMMYTALIHH
px—xp=-ih (M ABISETCA €roO CICACTBUEM).
Kak y:ke ropopmiock, BonHoBasi (pyHKuMsA, obJajaromias eqMHUYHbIM [IEPUOTIOM

O KOOPAMHATE M 110 MMIYJIbCY, UMeeT BUJ IrpeOenku S—cdynkumii ¢ mwarom /N — u B

KOOpPJHHATHOM, H B HMITYyJbCHOM NpEACTABJIEHUH. OHpﬂI{GHHM OHepaTopbl CIBHUI'a Ha
ONMH 11ar IO KOOpAMHaTe U MMOYJILCY, B35IB B KauCCTBC KOHCTAHTBI CABHTA 1/N n

nomaras h=1/(2nN):
K =exp(2nip), A = exp(2nix). (3.5)
TNpu 3TOM COOTHOLICHHE KOMMYTAIMHU IIPUHAMACT BUL
KA = 0AK, o= exp(2ni/N). (3.6)

Tenepp y Hac ecTh BCe HEOOXOAMMOCE, UTOOBI NMOCTPOMTH KBAHTOBBIA aHAJIOT
0TOOpaxKCHUs! KoTa APHOJIbJ]a B TEPMHUHAX ONCPaTOpPOB K u A. MsI n1pocTO 3aMEHsEM B
cootHoweHun (3.2) BesmuuHbl K ¥ A Ha COOTBETCTBYIOIIME ONCPAaTOPbl H MOJIyYacM
onepamoproe omobpaxceHue

K =KA, A =AK, (3.7)
WM, UTO TO 3Ke caMoe,
K =KA, A =AKA. (3.8)

Takum obpaszoM, onepatopsl K' m A’, oTBevarolme OUepeHOMY LIAry JTUCKPETHOrO
BPEMEHH, BbIpaXXeHbl UePe3 ONepaTophl, ONpefie/icHHble Ha IHpefplIyileM mare. JTobk!
HOBbIe onepaTopbl K’ 1 A’ NO—IPEXHEMY MOXHO GbIJIO TPAaKTOBaTh KaK ONEPaTOpbI
CHBHIa 1O KOOPIMHATE U MMITYIIBCY, Ui HUX JAOJIXKHO OBITh CHPABEIIMBO TO XK€ CaMoe
KOMMYTAIIMOHHOe cooTHoueHue (3.6). Kak HETpyAHO IPOBEPHTB, 3TO NCHCTBHTEILHO
TaK:

K'A’ =(KA)(AKA) = o(AK)(AKA) = 0(AKA)(KA) = 0A’K".

TToCcKONBKY 71l HAUICH CHCTEMBI BEKTOP COCTOSHMUS NpejicTaBisicTcss HaGopom N
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K03 UIMEHTOB V,,, onepatoppl K U A JO/KHBI 3afiaBaThcsd MaTpuuamu NxN.
EcTecTBeHHO ONpEe/MTh UX CIICAYIOIMM 00pa3oM:

(KW)m = Wt 1 (AW)m = oy, (39)
YTO COOTBCTCTBYET MaTpHllaM C JIEMEHTaMH
Kmn = Ou+lan H Anm = amsmm mn= 09~-'7N_13 (310)

1,m=n (modN),
" 0,m#n (mod N).

Kax cTaHeT SICHO B CHEIYIOLIEM pasfielie, CXeMa KBAHTOBAaHMs, MCXOMSIIAs U3
cootnomenuit (3.7), (3.8), npurogHa ML IS Heuemrbix 3HAUCHUH KBAHTOBOIO
napamerpa N. IMeHHO 3TOT ciy4ail TOIBKO H O0CYXJAacTcs Aajiee B OCHOBHOM TEKCTE.
O600611eHNE T YETHBIX N paCCMOTPECHO B IPHJIOXKEHUH A.

B npencrasicnun ['eii3enfepra BEKTOp COCTOSHHMS HE 3aBHCHT OT BPEMEHH, TO
¢CTh B HAlllEM CJIydae OT HOMEpa HTCPAILHy, a OllEpaTophl, OTBEUYAIOUIAE TMHAMUIECKMM
TNIcpEMEHHBIM, H3MCHSIOTCS OT HTCPallMi K WTepalud. 3ajiaBasi B Ka1€CTBE HauallbHbIX
ycmoBMA Ui onepatopHoro otobpaxenns (3.7) warpunpl KO=K u AO=A,
PEKYPPEHTHBIM o0pa3oM Haxopaum MaTpuubl K& u A® st mocnaenyroimx MOMEHTOB
IMCKpETHOro BpeMenu k. Hanpumep, nna N=5,

K©) AW K AW K@) A®
(01000 10 000 (anoo (anoowoomoowoooazo
|00100 OocOOOlOOoc200 000300 1100020 | 0000a
100010 000200 ({000 030 | 000 1010000 1} 0000
|

00001 |[{ 000030 {000 Oc4 | [0 00002 [|a30000 || 03000
110000 J(000004){10000 J{e20000 J{0a000){ 0000

u 1. Kaxpgasi MaTpuiia B 3TOH IOCJIEIOBATENLHOCTH IOJIYyYaeTCs IPOCTO Kak
NpOM3BEIEHNE IBYX IIPEABITYIIHMX.

M3 npHBeNeHHOrO NPUMEPa BUJHO, UYTO OTJIMYHLIMH OT HYJS KaXabld pa3s
SABIFIOTCA TOJLKO MAaTpPHUHBIC 3JIEMEHTBHI, PpAacCHOJIOKEHHBIC B OJHY JIMHHIO,
napajuie/ibHO TJIaBHOMN muaroHany. Ha 3ToM OCHOBaHMM MOXKHO OYEHb HPOCTO OIHUCATh
IMHAMKKY OIepaToOpOB cieayronmM oOpa3oMm. ITonoxum

Klllll(k) = 8,”+s’”al'”+\” Aﬁllf(k) = 6Hl+q,"ap”+u7 (3°11)

e S, I, py 4, W, vV — LeJble UHCHa, 3aBHCALME OT HOMEpPAa BPEMEHHOro miara k u
olpefieieHHbIe 10 MOy/o N, i nycThb 1pd k=0 HaIOKEHbI YCIIOBHS, COOTBETCTBYIOIIHEC
HavaJdbBHLIM onepatopaM (3.10):

s=1,r=0,p=1, ¢g=0, v=0, u=0. (3.12)

Mopcrasum (3.11) B (3.7) u npousBeneM MaTpuutoe yMHoxkeHue. Ilonyuaemble B
pe3ynbTaTe HOBble MAaTpPHLbI UMEIOT Ty Xe ¢opmy (3.11), Ho ¢ HOBBIMHM MapaMeTpaMH
Syen Ve

s =s+q, ¢ =q+s’, ¥ =r+p, p’=p+r’ (mod N),
(3.13)
V = vip-rg, W =v+u—ps’ (mod N).

3aMeTUM, ITO B COOTBETCTBHM C HpaBWiIoOM xoMmyrtaimn (3.6), npu Bcex k 0o6A3aHO
BBINOJIHATHCS PABEHCTBO



ps—rqg=1 (3.14)
ITepsbic yeThipe ypaBHeHUs (3.13) MoXHO nepenucaTs B MATPHIHOM hopme

S ri- 1 1 .
- 71 (modN). (3.15)

qp 12 |gp

Ycnosue (3.14) octaercd B CHIIC IIPH MOCJENOBATENIbHBIX HMTEPalUAX, IIOCKOJIBKY

11
ACTECPMHUHAHT MaTpHIbI 12 SHHHH‘IHbIﬁ.

Cornacto (3.13), 1Be napsl IeJbIX YKCENL, S U ¢, I' ¥ P, OIPCCICHHBIX IO MOMYJIIO
N, yROBIETBOPSIOT YPABHEHHAM, COBNAJAIOLMM IO BHAY C KIaCCHICCKHM OTOOpaKe—
HueM Kota ApHonbia (1.1), pasauia Tonsko B Hopmuposke Ha 1 B (1.1) u na N 8 (3.13).
OpnHAaKO B CHIy TOrO, YTO JMHAMHUKA IPOMCXOJUT HA KOHCUHOM MHOXECTBE IEJIbIX
yKce), OHa OKa3bIBaeTCA He XaOTHUECKOH, a nepuonnueckoit. Ilepuon 3aBucur ot N, u
MbI 0603HaunM ero T(N). Dro nepuon nukia, craprytotiero u3 Touku p=1/N, x=0, B
KJIaccHueckoM otobpaxennd (1.1).

HoBbIfi MOMEHT IIO CPABHEHHIO C KJIACCHKOH COCTOMT B MOSBIICHWA JIBYX
OMOJIHUTENHHBIX EPEMEHHBIX (L H V. OHU MOJIHHAIOTCA YPaBHEHUSM, B KOTOPBIX §, 7, P,
¢ MrparoT pojib NEPHOAMUCCKOTO BHEIHEro BosfieicTBus. [l HeueTHbIx N, KOTopbie

371ECh TOJILKO 1 PACCMATPUBAIOTCS, [ M V BBIPAXKAIOTCH YEPE3 OCTAJIbHbIC IEPEMEHHbIE
w = (N+D2)(p—q—pq-1), v=((N+1)/2)(r—s—rs+1) (modN), (3.16)

TO IPOBEPAETCA HENOCPENCTBEHHO ¢ nomolpio (3.12)~(3.14).
B KauecTBe NMpHUMeEpa PacCMOTPHM CHOBa ciyuait N=5. JBOJIOLHMS NapaMeTpPOB,
onpefensonmx onepatopsl K n A, naetcs Tabnuueit:

s11203443021..
q01331042240...
r01331042240... (nanee noBTOpeHUE)
p12034430211..
n04304431010..
v00323102400...

Orcrona BuaHo, uto T(5)=10. 360

IMockonbky onepatopbl KO u A®
MOJTHOCTLIO OHpﬁIIeJIHIOTCH YUCIIaMU §, I,
P> 4, W, V, OHH HMEIOT TOT Xe€ TEPUON
m3MeneHuss T(N) B 3aBUCHMOCTH OT T(N)
TMCKPETHOrO BpeMeHH k. MOXHO moka-—
3aTh, 4TO B npejcrasiaeHnn lllpemunrepa c
ITHM XK€ meprofoM OYAET IBOJIIOIMOHU—
poBaTh BoJHOBas (yHKuMsL (BEKTOp 0
coctosthusi). ITlostomy Bemuuuny T(N)
€CTCCTBCHHO Ha3bIBATDH KBAHMOBbIM
i Puc. 3. TNepuoyi Bosepara T(N) nas KBaHTOBOIO
nepuoooM. . orobpaxeHust KoTa ApHodbjia. [IpeficraBnenb! 3Ha—
Ha PpHC. 3 moka3zaHa 3aBHCHMMOCTDL  yeHus nepHoJia Kak Jins HeyeTHbIX N (01‘06pa>l<eﬂue

KBaHTOBOro nepuopa ot N st orobpa— (3.8)), Tak u juis ueTHbIX ()O’PonﬁPa>!<6m64e (A.2),
onpeueneﬂﬁoe B IIPUIOKCHHH ). Jist OTOOPAXKEHUSA
KCHMA KOTa APHOIbJA. JTa 3aBUCHMOCTS napaGonuueckoro thna ((3.20) u (A.10)) T(N)=N

HOCHT HEpETYIISIPHLIN XapaKTeP, HO B CPCl—  ppy N neuernom u 2N npu N uerHom. [lns
HEM IICPHO]] YBEJIHUUBACTC C pOCTOM N. oToGpaxeHns aLMnTHYecKoro thia (3.22) 7=4 npu
WHorna HaM OyleT MOJNE3HO MMEThL  Jo0oM N

N 240

! Ins ortoBpaxeHuid, KBaHTyeMbIX No XawH3to — beppu, MOHATHE KBAaHTOBOTO NEpHojia 6110
BBE/IEHO B MX pabore [15]. B ofuwem ciyuyae OH MOXeT OblTe paBeH HIM BjIBoe GOJIbLIE, HEM TIEPHOJL
BO3BpaTa B MATPHUHOM PEKYPPEHTHOM OTOOpaXeHHH. BTopas BO3MOXHOCTD, OjIHAKO, HCKJIIOHEHA, eClH N
HEUYETHOE.
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anbTEpHATHBHOE OOO3HAUEHHE I TOH K€ CaMOi IOCHeNOBaTelIbHOCTH ONEepaTOpOB
K®), A®, HO 3aHyMepoBaHHOM B OOpaTHOM mopsxe. Jlns aroro GymeM IOIB30BATHCH
HUZKHHMY MHJICKCAaMH, TO €CTh IIPUMEM COTJIAlIIEHHE, YTO

K(k) = K(T(N)'k), A(L) = A(T(N)_k). (3.17)

Ecnu BBIpasuTh oOIEpaTophl, BXOAAIME B MNpPaBYKO 4YacTh ypaBHeHmi (3.8), wuepes
ONEepaTophl, CTOSIIME B JIEBOH YaCTH, MOXKHO TIOIYUMTH (POPMY 3alUCH OHEPATOPHOIO
OTOOpaXCHUSL, ONPEMCIISIONIYIO HOCICAOBATENLHOCTE K (1), A () PEKYPPEHTHBIM 0Opa3oM:

Ay = ApKw, Ky = K2pAp. (3.18)

HeobxoguMo ciesiaTh BaXXHYIO OrOBOPKY, YTO IIOCKOJBKY omepaTopsl K 1 A He
KOMMYTHDYIOT, BBIOOp OIEpaTOpHOro otobpaxkenus B Buue (3.8) He sBisiercs
eTMHCTBEHHO BO3MOKHBIM. B paBHOM cTeneHH JONYCTUMBIMH CIEOBai0 Obl mpU3HATH
APYTHE €ro BepcHU, NoJydaeMble nepecTaHoBkoit K M A B mpaBoli JacTH ypaBHEHUH
(manpumep, K'=AK, A’=KAA wm ppyrue BapuaHtsl). XOTS KOMMYTAIHOHHOE
coorHomenue (3.60) Bcerma NO3BOISIET BEPHYTHCS K TakoMy ke kak B (3.8)
PACIIOJIOXKECHHIO OICpaTOPOB B IIPaBBIX YaCTsX YpaBHEHMI, IIPH 3TOM HOSBIIIIOTCH
MHOXHTECJIM BHfIa 0. B HEKOTOpOii crenicnn. Ha si3pIKe NCXONHBIX NEPEMCHHBIX P M X 9TH
MHOKHTEN OTBEYAIOT afUTUBHBIM NobaBkaM. Momudukanyio JUHAMUKK BCIEICTBHE
BBIGOpa albTEPHATHBHOM BEPCHH ONEPATOPHOIO OTOOPAXKEHNS MOKHO MPEICTABUTH KaK
TepeolnpeNic/icHne B KaXJblii MOMEHT BpEMEHHM Hayaja OTCUeTa JUIg KOOpMMHATHI M
HMITYJIbCa, NPUIeM BEJTMINHA KBAaHTOBOI'O IEPHOJIA OCTAETCS TOH 3Ke caMo.

JoGaBHM 3aMevaHHe, Kacaiolleecs KBaHTOBAHMSI JMHCUHOIO OTOOpaKeHHs Ha
tTope Gomee obmero euma (1.3). B ciytiae, Korga Kaxkjasi M3 ABYX CTPOK MaTpHIIBI,
3afaroniell  OTOOpaXXCHWE, COJIEPXKUT UECTHBIE 9JIEMEHT, HMMEETCS JIOTHYECKH
€CTCCTBCHHBI BBLIGOp BEPCHH  ONEPATOPHOIO  OTOOPAKECHUSI —  MCHOJIb30BATH
cummeTpu3oBaiHbie KoMmOumamyu K u A. IlockombKy JeTepMHHAHT JOJIKCH ObITh
eMHUIHBLIM, YKa3aHHOE YCIIOBHE O3HATAET, UTO MaTpHULIa UMeeT (hopMy

ab YeT HeveT HEYeT dYeT
= M . (3.19)

cd HCUCT YCT gCT HCUCT

B mepBoM ciyyac onepaTOpHOE .OTOOPaKCHHE MOXKHO 3ajaTh B Bufe K'=Ko?AbKa?,
A'=Ad2KcAd2 a Bo BropoM K'=Ab2KeAb2, A'=Kc2AdK2, [JlaHHBIA KJlacC OTOOpaKEHHN
GBLUT yKa3aH KAaK KBAHTYCMBIH B IepBOHAYANbHON paGore XanHas u Beppu [15]. Xora
orobpaxkeHue KoTa ApHONBAa HE OTHOCHUTCI K 9TOMY KJaccy, IIOCTPOCHUE
COCTOSITCIIBHON KBAaHTOBOH TCOPHH BCE—TaKM OKa3bIBaeTCAd BO3MOXKHBIM, HO MPH 3TOM
BCE COOTHOIIEHUS JIOJDKHBI OBITh C(OPMYIMPOBaHBl HECKOJIBLKO IO—pPa3sHOMY A
HEUYETHBIX H YETHBIX N.

Y106l UMETh OCHOBY JITS COMOCTABJICHUS CUTYal[Ui, OTBEYAIOIINX XaOTHIECKOR
M PETYISIPHON JUMHAMHUKE KJIACCHUIECKMX AaHAIIOrOB, OCTAHOBUMCA Ha KBaHTOBaHHUU
oTobpaxkeHnuit napaboimmyeckoro u ammnrudeckoro tima (1.4) u (1.5).

Oneparopubiil aHasor otoOpaxenus (1.4) BoiGepeM B BUzE

K=K, A =AK, : (3.20)
oTKypa ¢ yuetoM onpepeieaus (3.11) nomygacm
srl 10 S r
= (mod N). (3.21)
qp 11 qp

V=y, W =v+u—ps (mod N).
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DT COOTHOILICHNsI OYECHB IIPOCTEI, TaK YTO ¢ YIETOM HavalbHBIX yciaosmil (3.12)
nerko HaxopuM, 9to s=1, r=0, p=1, v=0, g=k, u=—k (mod N), rne k — HOMep HTCcpauyy.
KganToBbrii nepuon paBeH N.

B cnydae orobpaxkenus (1.5) momaraem

K =A, A’ =K, (3.22)

rjge KpeCcTHK O3HAyYaeT OIEePAlyI0 IPMHUTOBA conpsikeHus. Cuuras, ITO OHepaTopbl
npencrapistorces B e (3.11), umeem p=0, v=0n

’

sr 01{sr
= (mod N). (3.23)
gr] |F10 || qp
KBaHTOBBII NEPHOJ MOCTOSIHEH U paBeH 4.
Heperyisiprasi 3aBHCHMOCTB IEpHOJja OT KBaHTOBOr'O NapameTpa /N XapaKTepHa,
CIIENOBATEHHO, TOJIBKO IS THHIEPOOIMICCKOrO ClIydasl H, OUECBHIHO, ACCOLMUPYETCS C
HaJIMYMEM Xa0ca B KJIACCHYECKOM IIpefieie.

4. ITepexop K npeacrasienuto Mlpenunrepa

Ilycre @) u ly) — Hekoropele BekTophl, L — nuueinnbli omeparop, u lo)=Lly).
Ilycte U — ppyrodl JWMHEHHBIH ONEpaTop, IOCPENCTBOM KOTOPOIO OIPENCIIUM
npeoGpasoBannbie BekTOpLl l9)=Ulg), lW)=Uly). KakuM coOTHOINCHNEM OHH OyIyT
ces3anbl? TlofelficTBOBaB Ha MCXONHOE YpaBHEHHE ciieBa oneparopoM U H mpennonaras,
YTO ONpepesicHE obpaTHblil omepatop U-1, MOXHO 3ammcaTh pe3ylnbTaT B BHJE
Ulg)=ULU-1Uly), wmm 1¢")=ULU-1ly"). Moxuo cKa3atb, 9TO IIpU IEPEXOJie B IPOCTpaH—
CTBO «IITPHXOBAHHBIX» BEKTOPOB onepaTop L npeobpasyercs B oneparop L'=ULU-!.

B kBaHTOBOI MexXaHUKEe OCOOYIO pOIIb HIPAaOT Ipeo0pasoBaHMs, 3ajaBacMble
yHuTapHbiMi onepaTopamMu U. OHM He HapylIaloT CTPYKTYpPhHI OCHOBHBIX YpaBHCHHH
MUHAMMKY ¥ COOTBETCTBYCT KaHOHMYECKMM IIpecoOpa3’OBaHHsAM IIEPEMEHHBIX B
Kinaccmaeckoil Mmexanuke [7,8,10]. B mameM ciygyac KOHEUHOMEPHOIO NPOCTPAHCTBA
COCTOSIHME KaXkJloe TaKoe IpeoOpa3zoBaHWe NPEJCTABIACTCA YHHUTApHOH MaTpunen
pasmepa NxN, TO ecTh MaTpumeil, y KOTOpO#l 3pMHTOBO CONpPSXEHHasd MaTpuia
coBIagaeT ¢ O6paTHOM, a JCTCPMIHAHT MO MOAYIIO paBeH 1.

B npepcrabnennm I'eiizenbepra omeparopel KW u A® spomolMoHUpOBad B
JICKPETHOM BpeMEHH k, TOTTIa KaK BEKTOpPbI COCTOSRHMS |y), Ha KOTOpbIe MOXKHO ObLIO
NeHCTBOBATh 9THMH ONEpaTOpaMH, HE 3aBHCENM OT BpeMcHH. IIpomsBeneM B KaKIbIid
MOMEHT BpeMeHH k Takoe yHuTapHoe npeobpasobanue Uk

ly) = Ukly), (4.1)
9TOGhI IPeoOpasoBaHHbIC ONEPATOPhI HE MCHAIACEH BO BPEMEHH, TO €CTh
UA®U-+=A wu UK®OU+=K (4.2)
HIIN
UA®=AU+ u UK®=K Uk (4.3)

B wactHOCTH, Ha OffHOM BpeMcHHOM wiare, UA'U-1=A u UK'U-! =K nim
UA'=AU u UK =KU, (4.4)

rme A" mw K ecrb omepaTopel, BblpaXkeHHble uYepe3 A um K nocpepcrsom
COOTBETCTBYIOLIETO ONEPATOPHOTIO OTOOPaKEHUs!.
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Boipaxenue (4.1), xapakTepusyrolliee 3BOJIOIMIO BEKTOPAa COCTOSHHA, MOXKHO
nepenucarh B BHJE PEKYPPEHTHOIO YPaBHCHHSA

W) = Uy (4.5)

Onepatop U, onpepeisitoliMii NpeoOpa3oBAHUE COCTOAHMsI 32 OJMH  1ar
JUCKPCTHOTO BpPEMEHH, Ha3bIBAIOT ONEPAINOPOM 380AI04UU UNH nponazamopom. O
TaKoi (pOpMYTMPOBKE KBAaHTOBOI'O OIMCAHUS CHMCTEMbI FOBOPAT KaK O hpeocmasieHuu
HIpeounzepa.

3aMeTHM, YTO NpH OOpaTHOH BO BpEMEHHM HyMepalHuu olnepatopoB K H A
CnpaBeJUIMBLI OUCBHHBIC U3 (4.3) COOTHOIICHHS

UtA = A(k)Uk u UK = K(k)UL (46)

HafineM B SBHOM BHJE MaTpPHIy OIEpaTopa 3BOMIOLMHU Il OTOOpasKeHUs KOoTa
Apnombpa. Cornacio (3.10) MaTpuunble asieMeHThI onepaTopoB K U A ecTb K, ,=0,,,1,.»

Ay, y=8,,,0", @ U3 ONEPaTOPHOTO OTOGpakeHus (3.7) 3a ONMH BPEMEHHOH 1Uar nojyJaem
K’m,n - Zka,kAk,n = Zk 8m+!,k8k,na” = 8m+],na‘"’ (47)

’ _ ’ —_ - _—
A mn = z:.('Anvi,kI{ kn — Ek 5m,,(’a""skwl,nva‘n - (x"HL”Sm,n—l' (48)
Hanee n3 UK'=KU cnenyer
Zk U:frk6k+l,ua” = Ek 6111+1,kUkm TO €CTh Um,n-lan = Um+1,u' (49)

M3 UA’=AU aHanoruuHbIM oOpa3oM HMEEM

ZkUmk(x ’H'"Sk,n—l = stm,kakUkm TO CCTh Um,nvlo@n—m—l = Um,n' (410)

T JJBa COOTHOIIICHUA NIO3BOJBIIOT HalTH Bce MAaTPUYHBIC JJICMCHTLI YEpe3 U, 00-

s NEepBOro BbIpAXKCHUA HNOCICAOBATCIIBHO NoJIy4YyacM [HarOHaJbHbLIC J3JICMCHTDI:

Um+1,m+1:Um,mam+l’ TO €CTb UmlszOO(x(HZt..+m)_—_U00am(m+l)/2_ HEUIGC, 3HasA 110 OJHOMY

JJICMECHTY B Ka)KJIOﬁ CTpPOKE, ¢ NOMOIIBIO BTOPOI'0 COOTHOHLICHHUSA HaXOJUM 3JICMCHTLI
BCEW CTPOKHU:

U,.. = Ugooen(m+1)2=mn+n2_ (411)

Yrobpl omneparop U Obul yHHTapHBIM, cjefyeT BbiOpaTh Uy Tak, 4TOObI
Det(U)I=1. Kak MoxHO mOKa3aTe, 3T0 ofecneucHo Tpu |Uyl=N-12. da3oBbli
MHOKHUTENIb MOXKET ObITb NIPOM3BOJILHBIM, IIOCKOJILKY OH HE BIMSAET Ha HaOJolaeMble
BeJIMIHHBI (€ro BLIGOP ONpejleNisieT Hauaao OTCYUeTa Il KBa3U3HEPIruH, CM. pasfen 7).
Y5no6HO, TeM He MEHee, KOHKPETH3HUpOBaTh (pa30Bblii MHOXKHUTC/bL TaK, YTOOBI CIICH
Marpuiibl U GbUT efCTBUTENBHBIM NOJIOXUTEILHLIM YHCIIOM. st BbIMUCIICHHST CIIefia
HCIIOJIb3YEM COOTHOLIICHHE JUTs rayccoBoii cymmei [15,18]:

TtU = Z, Ugosn2 = Uy Z,, exp[(in/N)(mz+m)] =
= UypN2exp(in/4—in/(4N)) =UyN'20-18exp(in/4). (4.12)
Monoxum Uy=N-12al8exp(—in/4), Torna

Unm = ul/Sexp(_in/4)am(m+l)/2—nm+nl N-12 =

= N-12exp{(mi/N)[m(m+1)-2mn+2n2 +1/4]—in/4}, (4.13)
u nipu atom [Det(U)I=1 u Tr(U)=1. Hanpumep, pyis N=5
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1 ootodo 1 odozotl

olsexp(—in/d) | oo o3 o2 o3 o-8exp(in/d) | ot ot o3 o 03

U= wdowdao;, U-l= ooZ oo o
51/2 o odod o 1 51/2 o oS3 o4 od o3
lozao2l otozodl 1

B 9TOoM MecTe CTaHOBATCS IIOHSATHOH OroBOpKa, CHEJIaHHAs B TPEAbIIYLICM
paspiesie. OGHApYXUBAECTCs, YTO MPH YETHLIX N HalfIeHHbIE BbIPAXKCHUS HENPHUIOJHEL,
TaK KakK IIO NIEPBOMY HMHJICKCY MaTpUIHbIe ajleMcHThI U, He obmagaior nepuoaoM N (To
€CTb NOCIIC MEpBOro e Iara MO BPeMCHM BOJHOBas (bYHKIUS mepecTana Okl
YAOBIETBOPATH ~ MOCTYNHPOBAHHOMY  YCIIOBHIO [IEPHOJNMYHOCTH Ha Tope). B
OpuwoXennun A [OKa3aHO, YTO 9TO MOXKHO  MCIPaBUTh  HAJIeKALAM
Mepeonpelle ICHUEM OIIEPATOPHOIO OTOOPAKCHHUA.

Kak u s xjaccudeckoro orobpaxeHusi Kota AprHoinbia (pasgen 1), spomonuio
KBAHTOBOM CHCTEMbl MOXHO [pPEJCTaBUThL B JIBE€ CTaiuH («TOJYOK» W
«pacnpoCTpaHeHue» ).

Crajgus TonmuKa B TepMHMHax onepatopoB Beiinsa — TeitzenGepra omuchiBactcs
orobpaxenueM K'=KA, A'=A. [lycte V — onepatop »BomondM s aToil crammm.
IMopcrapnas marpuudble ameMeHTRl (3.10), M3 coortHomenu#t VA'=AV, VK=KV
nomyvyaem V,,, o=V, ., u V, o-m=V, . Bropoe ypaBHeHHe oO3HavaeT, uro V
JHaroHajbHasg MaTpHI@A, a NMEPBOE MO3BOJSET BBHIPA3HTh BCE €€ HCHYJIEBBIE 3JIEMEHTHI
uepes Vi, YTo6bl MaTpuIla Obl1a yHUTapHOH, NonoXuM (Viyl=1, a dasosbiit MHOXHTETE
BBIOEPEM TAaK, UTOOBI Clel ObUI IEHCTBUTETLHBIM NOJIOXKUTEIBLHLIM uKclIoM. Torna

Vo = exp(—in/4)onmeDR+BS (4.14)

J71st cTagiy pacnpocTpaHeHus onepaTopHoe oroGpaxkene anuiieM B Buie K=K,
A’=AK, a onepatop ssomouun o6osHaunm W. M3 WA'= AW crenyer, uto W,,,_ o1 =

=W,,,- U3 WK'=KW umeem W, , =W, ., ,, TO ecTb BIOJIb TOGOH JIMHUY [1apaJUICITHEHOMN
I'TIaBHOM IMArOHAJIM BCE JIEMEHTBI MAaTpHUbI paBHbI. [Tonaras Wy,=1/N12, nonyuaem
_ —11Y2/24+(mi—
VVHW — a(m 1Y/ 2+(m ”)/NI/Z_ (415)

Oneparop W nuaroHamusyeTcs MepexofoM B MMIYJIBCHOE NPEACTABICHHE, B KOTOPOM
€ro MaTpWlla BBIMIMT KaK 3PMHUTOBO colpsxkeHHas marpuna V. MHbMH ciioBamu,
oneparopel W m V cpasanel cootrowenneM W=F'V'F, me F u F' — oneparopsl
IpsSMOr0 U oBpaTHOro npeobpa3oBanus Pypee.

It orobpaxkeHHs XoTa ApHonbia oneparop osBomonun U MOXHO,

CIICNOBaATC/ILHO, 3allTUCATh B BHJIC
U=WV wm U=F'V'FV. (4.16)

HenocpencTBEHHBIM — BBIMMCICHHEM HPOBEPACTCS, YTO  pE3yibTaT MaTPHYHOTO
YMHOXeHHs1 corlacyercs ¢ Bpipaxendem (4.13).

B 3akiroyeHHME pasfella HCCKOJIBKO CJIOB O JPYLHX OTOOpaXEeHHsIX Topa.
ITockoneky onepatopHoe oToOpaxkeHue napadonuueckoro tuna (3.20) cosmagaer 1o
BHIy C OTOOpa>KeHHEM Ha CTaJH# paclpOCTPAaHEHHS, €ro ONeEpaTop 3BONIOIMH
npeacTasiaserca matputieit V (4.15). Yrobsl nonywnts onepartop sBomonun Y s
oToOpaXXeHHs umnTAYeckoro Tvma (3.22), 3aMeTHM, 4YTO KaHOHHYECKOE
npcobpa3oBaHie p'=—x, X’=p B KBaHTOBOH 3ajjaue COOTBETCTBYET MPOCTO MepPeXOAy U3
MMITyJIhCHOTO B KOOPJMHATHOE HPENCTAaBlICHAE, TO €CTh 0OpaTHOMY MpeoGpa3OBaHHIO
Dypre. Takum oOpasomM,

Y”HT = F+IN'H = a""l/Nllz' (4.17)
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5. nﬂHaMHKa BEKTOPA COCTOSSHHA — KOMIIBHOTEPHLBIC WIIHOCTPALHH
H QHAJIUTHYCCKOC PACCMOTPERHE

o cux mop Mbl 3aHUMAJIMCh B CYLIHOCTH pa3paGoOTKOM KBAaHTOBOI'C (hopManu3sma
msi oToGpaxKeHnuit Ha Tope. BbIIo Obl HHTEPECHO TEIEPh MOJNYIATH BIEYATIICHHE O
XapakTepe KBAaHTOBOH ITMHAMMKHU M Pa3JIMUMM MEX]Y CHCTEMAaMH, KJIaCCHIECKHE aHAJIOIH
KOTOPbIX ICMOHCTPHPYIOT XaoC MM PETYIIAPHOE TIOBENCHHE.

Ecmn 3aaThcst KOHKPETHBIM HAYaJbHBIM BCKTOPOM COCTOSIHUA |yj), TO MOXHO
OTCJIEANThL, KaK OH OyleT MEHSThCS Ilar 3a LIaroM HpH MHOIOKpaTHOM JIeHCTBHUH
MaTpuubl 1npomaratopa. Puc. 4 WITIOCTPUPYET 3BOMIOLMIO BOJHOBOrO IIAKeTa,
UMEIOLIEI'O B HaYaJbHBIH MOMEHT MHUHUMAJBHYIO HIMPUHY IO KOOPIUHATE ¥ UMIYJIBLCY,
ROMYCKacMyIO TIPUHIMIIOM HeonpenelcHHocTH. IloinyueHHble YMCIIEHHO pe3yJIbTaThl
NpEeICTABICHbI B BUJE INPOCTPAHCTBEHHO—BPEMEHHBIX [MarpaMM, Ha KOTOpBIX TOHa
CEpOro 1BETa KONUPYIOT KBAaPAT MOTYJIA BOJIHOBON (DyHKIHH. [To ropusoHTaILHON OCH
OTJIOXEH HOMEp NMPOCTPAHCTBEHHOM TO3MUMM 41, @ N0 BEPTUKANU BHHU3 — AHCKPETHOE
BpeMsi. UTOObI CPABHHUTH JAMHAMUKY CHCTEM, JICMOHCTPHPYIOUIMX B KJIACCHKE Xaoc H
pery/sipHoe MOBEeHHE, NPHBEEHbI IMArPAMMBI JUIs OTOOpakeHu# rHnepOoInIecKoro,
NapatoJNIECKOro ¥ 3IUMIITHICCKOr O THHA.

O6paTHM BHUMAaHUE, ITO 3BOJIIOLUS BO BPEMEHH BO BCEX CIIYMasX IICPHOTHYICCKas,
IpUUEM NICPHOJ| BO3BpaTa COBNANAeT C TEM, KOTOpbId ObUl BBCOCH B pasjesie 3 mpu
obcyxkucHUM JMHaMUKHM onepaTopoB  Beitna — T[eisenGepra. C  ToUKM  3pcHMs
IPOCTPAHCTBEHHOI'O DPACIPE/IC/ICHAS. BOJHOBBIX (DYHKIHH, HAKAKOH XaoTH3alMM He
BHJIHO JlaXe B runcpboiuucckoM ciyuae. [{ns oroOpaxkeHuii BceX Tpex KinaccoB Golee
XapaKTEPHbIM KaXCeTCS KaK pa3 HAJMUME B KaXblii MOMCHT BJ10JIb IIPOCTPAHCTBCHHOM
OCM [IOCTATOUHO pEryjsipHoro Haopa  “EpCAYIOLIMXCSH  MHTCPRECPEHUMOHHBIX
MaKCUMYMOB H MUHHMYMOB.

MoOXKHO OTMETHTL, UTO [UJIA T'HIEpOOJIMUSCKOro oOTOOpakeHus 3BOJIIOLHS
BOJTHOBOT'O IIAKETA COIIPOBOXKAACTCS €r0 OUeHb ObICTPbIM PAacCLIMPEHHEM Ha NEPBBLIX XK€

Koopmunara—

<— Bpemsa

Puc. 4. IIpocrpaHcTBEHHO—BPEMEHHDIE JIHarpaMMbl, HINMIOCTPHPYIOLLHE JIMHAMUKY BOJHOBOI'O flakeTa B
KBaHTOBbIX CHCTEMAX, OTBEUAKILIMX OTOOpaXEeHUSM Ha Tope Tunepbonnyeckoro (a), napaboiMu4ecKoro

(6) u anumnruueckoro (8) tnnos. HauanbHoe ycnoBue 3ajiabo B Bujie W, =exp(—1un2/N)-exp(2riPm/N),

rjie N=5Y, a nauanbHblil ¢iBUr 1o uMnysiscy P=3. Hauano orcuera NpoCTpaHCTBEHHON KOOP/IHHATHI B
ueHrpe jmarpamm. Kpajipar mojysis BosHoBOM (PyHKIMH KOJIPYyETCs TOHAMU CEpOro 1BeTa
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marax JAHCKpeTHOro BpeMeHM. Ilocne 3TOro pacupefiesieHue aMIUTMTYAbl [0 JUIMHE
CHCTEMbI CTAaHOBUTCS Oojiee MM MEHEE OINHOPONHBIM, XOTS BCTPEUAlOTCSI MOMEHThI
BPEMEHHM, KOI[a OTKJIOHEHHE OT OJHOPOJIHOCTH 3HAMATENbHOE, M PpaClpeliesIeHue
KOHIIEHTPHPYETCS B HECKOJIbKUX Y3KHX MHTEpBalaX (TEMHbIE IISITHA Ha CBETIIOM hoHe).
Hisi mapaGolImyecKoro OTOOpaXKCHHsl PpAaCIUIBIBAHUE I[AKeTa IIPOMCXOJMT rOpasfio
MmeqiieHHee. Korfma xapakTepHasi LIMpHHA IIAKETa CTAHOBUTCH CPaBHUMOH ¢ JIIMHOIM
CHCTEMBI, Ha KpasiX MOSBISIOTCS TEMHBIE H CBETIILIE MHTEPdEPEHIMOHHBIE MOJIOCHL. B
najpHEHIIEM 3Ta HHTepgCPCHIMOHHAs KapTHHA TIOKPBIBAET BCIO CUCTEMY, H3MEHSSACH BO
BPEMEHM CPABHHTEJILHO MEJUIEHHO M pETY/SIpHBIM o0pasoM. [isi 3/uMOTHIECKOro
OTOOpakeHHsI BOTHOBOW NMAaKEeT HE PacIIbIBAETCA M MPOCTO COBeplIacT KoleGaHus ¢
IIEPHONIOM B UETBIPE UTEPALMH.

TpesicTaBasieTcss BaXKHbIM OOCY[MTBb, KaK COOTHOCATCSI XapakTep 3BOMNIOLMH
BOJMHOBOH (DYHKIMM KBAaHTOBOH CHCTEMbl M [MHaMMKa omnepaTopoB Beins -
Tefisenbepra, cBs3aHHas BeCbMa HEMOCPCEICTBEHHO C KJACCHMUYECKUM OTOOPAXKCHAEM.
HmMest B BHay 3TOT BOMPOC, NPUMEHHUM K HAYajbHBIM 33JadaM CICHYIOLMI CIUHBIH
1{01). (1§

IMpemnonoxuM, 4To U3 oneparopoB K U A ¢ HOMOIIBIO CIIOXECHUS U YMHOXKCHUS
IOCTPOEH TaKoil omeparop Z, UTO 3ajaBaéMOE€ B KauecTBE HAYAJIBHOTO YCIOBHS

cocTtosinue |yk) siBysieTcst COOCTBEHHBIM BEKTOPOM 3TOT'O OIICpaTopa:

Z W)= Aw), (5.1)

U cobcTBeHHOE 4HMCNO A HeBbipoxjeHo. IlomeiictByemM Ha 3TO ypaBHEHHC ClieBa
ONEepaTopOM 3BOJIIONMH 3a kK BpeMeHHbIX mIaro Ut u mpejcTaBuM pe3yibTaT B BHJE
U:ZU-<UNy)=AUXy). Orcioga cIefyeT, UTO 6eKmop cocmosHui 6 momenm k,
W®Y=UHy), naxooumcna U3 peuteHus 3a0awu Ha cobcmeertbie 8eKMopbl onepamopa

Z=UZU-* oasn cobcmeennozo qucaa h. PellleHHME OfHO3HAUHO (C TOYHOCTBIO JIO

¢pa30BOro MHOXHUTEIA) B CHIIy TOIO, YTO COOCTBEHHOE WHCIIO, MO INpPEIOIOXEHHIO,
HEBBIPOXKJICHO, 4 YHHTAapHOE IIpeobpa3oBaHUE ollepaTopa Z HE MEHSET €ro CHEKTp.
3aMETHM Tenepb, UTo B HpefcTaBieHnH ['efisen6epra onepatop Z B MOMEHT BPEMEHH K
ectb ZW=U-*ZU*. OueBUIHO, Z ;) — 3TO Ta XKe caMasi MOCJIEOBATEIbHOCTb ONEPaTOPOB,

HO 3aHyMcpoOBaHHasi B oGpaTHOM mopsyike. Oneparop Zg) BbIpaXkaeTCs NMOCPENCTBOM
CNIOKEHHS M YMHOXEHHs uepe3 onepaTopbl Ay # Ky TOYHO TakuM Xe 06pa3oM, Kak

onepatop Z Bbipaxaics epe3 A 1 K (cM. IpEMep B IIPHIIOKCHAH B).
HNanee 3THM MeTOROM OYAyT PacCMOTPEHBI 3afiaid 00 3BOJIOIKM BO BPCMCHH,
KOTZIa B KAUECTBE HAMAIIBHOTO YCIOBHA OepeTcst

¢ [IPOCTPaHCTBCHHO—JIOKAJAN30BAHHOC COCTOSAHHC,

e JIBa JICNIbTAa—IHKA, PA3HCCEHHBIX IO KOOPIMHATE Ha HEKOTOPOE PacCTONHHC
(aHaTor 3HAMEHMTOr® KBAHTOBO—MEXAaHMUYECKOrO ONbITAa C MHTCPGCPCHIMEH OT JBYX
miesiei),

e BOJHOBOH MAKET C IIMPMHOH MO KOOpIHMHATE M HMMIYJILCY MHHUMAJIBHO
JIOIyCKAaeMOM HPHHIUTIOM HEONPENEIICHHOCTH.

5.1. 3agaya 06 3BOJIOUHH POCTPAHCTBEHHO—JIOKATH30BAHHOI0 HAYAJIHLHOTO
coctosiAusi. Coctosinue W), TOKAIM30BaHHOE Ha NMO3UIMM m=[, €CTh HE YTO MHOC KaK

COOCTBCHHBII BEKTOp OllepaTopa A ¢ COOCTBEHHBIM THCIIOM A=
A=Ay, (5.2)

CliefoBaTelIbHO, BEKTOp hy®)=Uk |y), ONMchIBAIOMINI COCTOAHHE B MOMCHT BPEMCHH &,
6yaeT COGCTBCHHBIM BEKTOPOM OTIEPATOPA Ay € TEM Ke COGCTBCHHBIM UHCIIOM A
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Bce N cODCTBEHHBIX UHCEN A, HEBBIPOXKICHBI, TOITOMY KaXNbI COGCTBCHHBIN BEKTOD
HAXOJIUTCS1 OFHO3HAYHO C TOYHOCTHIO 10 (Pa30BOrO MHOXKHTEIIH.

Marprusbic 3JCMEHTbI oneparopa Ay, HpeacraBisiorcs B Buie (Ay),.,=
=844, 0P"*H, TJIE MAPAMETPBI P, ¢, H OTBEUAKOT k—My IUary WTCpaluud B OOPATHOM
BpeMerH ypasHenmit (3.13) — kot ApHounbpa, (3.21) — oTobpaxenue MapaboIecKoro
tuma, (3.23) — oToOpaXkcHUe JIUMNTHIESCKOrO THIIAa. Y paBHeHUE (5.3), clienoBaTeNbHO,
IPHHAMACT BUJ{

W m+qap(nx+q)+p =M,0s (5 4)
HITH

Wrn—qzcrann (5.5)

e C,=0pr=i+i, IPUIeM PEANoaraeTcs BLIHIOMHCHHBIM YCIIOBHC HUKIHIHOCTH Y,  v=V,,.

3amaBIMCh 3HAYEHHEM Y B HEKOTOPOI TOUKE 77, € NOMOIHBIO (5.5) MocIenoBaTEIbHO

MONyYaeM 3HAUEHUS B TOUKAX My—q, My—2(,... (mod N). IlycTs HauGonbmi obmmi

nenuTens aus uuces ¢ U N ecth g=ged(g, N), u nycte N,=N/g u q,=q/g. Torga nocne N,

IIaroB Ky 3aMKHETCs, TakK Kak my+gN,=my (mod N). UroGel pemenue v, 6bLIO
Nig-1

HCTPUBHAJIbHBIM, HAYAJILHOC 3HAUEHHE M) HOJDKHO ObITh BLIGPAHO TaK, UTO0bI [] €z, =1.
&=0

IMoncTaBngst cioga BbIpaXXeHHe UL ¢, M BBIIONHsA B TOKa3aTelle CyMMHpOBaHHE
apuMETHYECKON POrPECCHH, HAXOIUM, UTO JOJKHO BBIIOIHATLCS PaBCHCTBO

OWNg(mop—1+1)-pgNg(Np-1)2=1 . (5.6)
Hcnone3ys (3.14), MOXHO TIOKa3aTh, ITO 3TO 00eCHeYeHO IpU BbIGOpE

my=g+s(I-pu+pq(N,—1)/2). (5.7)

U3 (5.5) cnenyert, uro TonbKo B N, TOMKAX My, My—q,..., My—(N—1)q (mod N) 3nauenust

v,, Henynesble. [Tockonbky lc,|=1, Bce oM oTMHYaloTcs TONBKO ha3oi, U, Kak clenyer
W3 YCIIOBMS HOPMHPOBKH, II0 MOJ[yTHO NOJDKHBI paBHsThCs N-U2. C moMompio (5.4)

HAXOTIM
You—zq :Ng-—l/Z.(xze(mﬂp—Hu )-pae(=-1)2+0, (58)

r7ie ¢ — IPOU3BOJIbHAs (ha30Bast NOCTOSAHHASAZ.

HaiizeHHbIE COOTHOIIICHUS PUMEHHAMBI U B IBYX KpalHUX YaCTHBIX CIIyYasiX.

1. Ecim ¢ 1 N — B3auMHo npoctsle, To g=1, N,=N; npu Bcex nz ot 0 1o N-1 umeem
Iy,,| =N-122. TIpu 3TOM 11y MOXKHO B3SITh JTFOObIM, HANPUMED, M1y=0.

2. Eca g=0, To g=N, N,=1, n y,=3,, ..

Pe3toMMpyeM  BBITEKAIOUIYIO M3 TPOBEJEHHBIX pAacCyXKICHUA CBSI3b MEXIy
XapaKTEPOM JBONIONAHA BOJHOBOH (DYHKIIMH U KJIACCHIECKUM OTOOPasKCHHEM.

TInist KBaHTOBOM CHCTEMBI B IpeficTaBlicHHH ['eiizenbepra olneparopbl cABUra 1o
KOOPJMHATE M MMIIYJILCY BBIPAKaIOTCA U€pe3 JIBE Hapbl ONPEJEJIEHHBIX M0 MO0 N
HEJIOMHCIIEHHBIX IEPEMEHHBIX, (5,q) U (r,p), U KaX/as napa NOMUMHAECTCS TUHAMAICCKUM
ypaBHEHHSM, COBIANAIOUIMM IO BHAY C UCXONHBIM KJIacCHUECKMM orobpaxkeHneM. OnHa
M3 MCPEMEHHBIX § OCOGCHHO CYHIECTBEHHA C TOYKH 3DEHHMSl CTPYKTYPBI BOJHOBOM
(byHKIMM B KOOP[OMHATHOM IpEJICTABJICHUN: BONHOBAs (PYHKIMA CTAHOBUTCH
«pA3PEXEHHOM» (aMILTUTYNBI @, OTJIMYHBI OT HYJIS TOIBKO HAa HEKOTOPOM MHOXECTBE

2 Ha caMOM Jielle IOCTATOYHO HafiTH cOBCTBEHHBIN BEKTOD JUTA KaKOro—HHOYIb OJ[HOTrO 3HAUEHHSA {,
HanpuMep, (=0, a oCTaNbHbIE BEKTOPbI MOXHO MOJIYIHTD H3 HEFO jieficrBuem oneparopa Ky B cTeneHu ot 1

o N=2. PacnonoXuB HaiijlcHHble BEKTOPELI B BUJIe CTOJIGLIOB MaTPHIIbI, IOJIy4aeM MaTpHIly Uk.¥YxasaHHbii
cNocob BLIMUCIIEHHS (C TOUHOCTBIO JI0 O0LEro (ha3zoBOro MHOXHTES) TPeGYET TONBKO 3HaHHS ONEPATOPOB

A H K(k). Mpouejypa Xe HX MOAYYEHHH C MOMOILIBIO PEKYPPEHTHBIX COOTHOLIEHHHA IS TIapaMeTpoB
$,...,V TOPA3/10 IKOHOMHUHEE, HEXEIH «JI050BOE» k—kparHoe nepeMHosxeHue Marpil U pasmepa NxN.
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Koopmumara—

<— Bpemsa

a) 0) B)

Puc. 5. [InarpamMmbl, HIJIIOCTPHPYIOLLME KBAHTOBYIO JIMHAMHIKY COCTOSIHUS, HCXOJIHO JIOKAJIH30BAaHHOIO B
Hauanle KOOPJIHHAT: a — 0ToGpaXeHHe KOT ApHOJbjia, N=59, 6 — orobpaxeHne KoT ApHofbja, N=63,
8 — oTobpaxeHne napaboaveckoro THna, N=63

PaBHOOTCTOSALIMX [O3MLMIA), €CNM ¢ HMEeT € KBAHTOBBIM MapaMeTpoM N o0
neauTens. TakuM o0pa3oM, ¢ TOUKH 3pEHMA KBaHTOBOW JMHAMHMKH Ha TOpE, BaXKHA
apugpmemuveckas npupoda wucaa N, a umenno, cmpykmypa pasaoxenus N Ha
NPOCMbLE MHONCUMENLL.

B ciayuac mapaGonnueckoro orobpaxenna (3.20) sTa cTpyKTypa MOJHOCTBIO
pacKpbIBAacTCs B NPONECCE NMHAMUKHM, IIOCKOJILKY NEPEMCHHasl ¢ IIpoOeracT B TCUCHUE
KBaHTOBOTO IlepHOja Bce IesounciaerHble 3HaucHuss or 0 no N-1. Tlonst MoMeHTOB
BpEMEHH, KOIla BOJIHOBasi (DYHKIMsI pa3peKeHa, AacTCAd OTHOIICHUCM o(N)/N, rne ¢—
M3BECTHAsA B Teopuu unce (pyHkums Jiepad. C Apyrou CTOpOHbI, AIsi JUIHATHICCKOro
orobpaxenus (3.22) ymomsHyTasi apumeTHuecKas CTpyKTypa uuciaa N BooOle
HECYIIECTBCHHA! ¢ OKA3BIBAETCA NONCPEMEHHO HYJIEM WM MCJIOM B3aUMHO HNPOCTBIM C
N, To ecTb BonHOBasl (PYHKUMS OCLIITIMPYET MEXK]Y ABYMS BO3MOXHBIMU CUTYaLHsAMU —
TIOITHOM JIOKAJIM3ANMN ¥ NOJIHOM festokanu3amuy. [ runepOoimieckoro oToopaxKeHust
KOTa ApHOJIbJIa MEPEMEHHAs ¢ B TEUCHMC KBaHTOBOI'O MEPHOJA NMOCEMIACT JIMUIb acTh
BO3MOXKHBIX 3HAUCHMI, M 0OpH ITOM HE MPOABISCT BHIMMOH PETYJIAPHOCTH.
CoOTBETCTBEHHO, B Npefle/iaX KBAHTOBOIO IICPHOJA CUTYAllMH Pa3pPEKMBAHUS U IMOJIHOMN
JeJOKAIM3allii BOTHOBOH (PYHKL{MY UePEyIOTCA XaoTHUeCKU. Takum o6pasoM, B aTOM
nocleHeM ciyuae apudMeTHUecKas CTpPyKTypa uMciaa N CYIIECTBCHHa, HO ee
NPOABJICHHE 3aMacCKHPOBAHO.

Ha puc. 5 MOXHO BHJETh, Kak B IIpOLECCe IMHAMMKH CMEHSIOT JpYyr Jpyra
CHTYaL|H IIOJHOM JTOKAJIH3alYH, IPOPEXUBAHUS U TOJHOM ETOKaM3aIHH.

Eciu uuciio N @pocToe, TO KapTHHA BBILISJMT HAaMMCHEE CONCPIKATESIIBHOM
(puc. 5, a): vaiie Bcero BoJHOBas (DYHKIHMS HOJHOCTHIO ACTOKAIM30BaHa (ammuTyna
PABHOMEPHO pACTIpejielIcHa MO KOOpIMHATE) M JIHLIb OMH MM JiBa pasa 3a NEpPUoO
HACTyMaeT JioKaM3amus B offHo# Touke. [lanee Mbl yBUAUM, UTO B 3ajlaiax C PYTHMH
HAYAJIbHBIME YCIOBMAMH CBsi3b MEXKAYy apuhMETHUCCKUMH cBoWcTBamu wicaa N u
XapaKTEPOM KBaHTOBOM SBOJIOIMH OOHaPY>XKHBACTCs M JUIs IPOCThIX N.

3 [lo onpejenennio, O(N) ectb KoauuecTBo Harypanbbix uucen or 1 jjo N-1, ssnsioumuxcs
B3aUMHO NMPOCTHIMH € V.
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5.2. 3agaua 006 3BOJIIOLHH BOJIHOBOH (PYHKIIHH B BHe ABYX JelbTa—NHKOB. B
GOJMBIIMHCTBE YUYCOHUKOB KBAaHTOBOH MEXaHMKH IOUYETHOE MECTO 3aHMMAET OIMCAaHUE
ombITa ¢ HHTEpdepeHueil oT ByX Iuesned [9]. [T KBaHTOBBIX OTOOpaXeHHH Ha Tope
aHAJIOrOM 3TOTO OIBITA CIYXKUT 3ajjada 00 3BOJIIONHUHA B JUCKPETHOM BPEMEHH BOJIHOBOH
¢yHKIMH, UMCBIIEH B HAaYaJbHbIA MOMEHT BMJ JIBYX JI€JIbTa—IIMKOB, Pa3HECEHHBIX IO
KOOpJIMHATE Ha HEKOTOpoe paccTosHue. Ha cienyrolx arax QUCKpeTHOIO BPEMEHH
CYIIEpMO3UIs. BOJHOBBIX (DYHKIMH, NOPOXJIEHHLIX 3THMH JIByM# HCTOYHHKAMH,
o0pa3yeT HEKOTOPYIO OTHOMEPHYIO HHTEP(EPCHIMOHHYIO KAPTHHY, H3MEHAIOLLYIOCS] OT
mara K wary. Eciim ofuH flenbTa—NuK HaXOAWICA B Ha1aJbHbIH MOMEHT Ha MO3ULMH [, a
BTOPOl — Ha HO3UUUM [, TO BOJHOBas (PyHKNMS OYJAET ONPENEIAThCA JTMHEHHOM
KOMOMHAIMEH JIBYX COCTABIAIOIIMX, 3aaBaeMbIX COOTHOILICHUSAMH Bupa (5.8).

OGcymuM  cityvai nprocnﬂx N, KOTopbli OKa3bIBacTCs COUEpKATElbHbIM H
HECJIOXKHBIM JJI aHajimM3a. lorga st Jmoboro nenoro ¢ or 1 go N—1 MoxHO HaliTi

Nexaliee B 9THX e MpefieNax YHeIo ¢, SIBISIOWEEcs: OOPATHBIM 110 MORYIIIO N, TO €CTb,
takoe, uro gg=1 (mod N)4. CornacHo Manoii TeopeMe ®epma, g=(¢)¥-2(mod N). IIpu
aTOM, pasyMeercd, ¢ U N B3auMHO mpocthie, u g=gcd(g,N)=1. Tlomaras B (5.8)

&=—gm, ny =0, N,=N, noiymm
¥, =N—I/2.a;m(l—u)—pq[(;m)3+:1m]/2+¢p . (59)

Cynepnommm COCTABJIAOIIUX, IMOPOXAACMLBIX NBYMs Hada/IbHbIMH NAc/IbTa—IIAKaM#
HUMCECT BH]

(a}ml i +(x?1mlz)
Yy = (2 N) 9

a—?{nzp—pq[(q_m)3+47n}/2+(p =
(5.10)
= (2/N)'22 Icos(nmq(l, —1,)/N+const)l.

Orcrona BUAHO, 4ro Kombunayua qll\—l| uzpaem poav 8oanogoz0 uucaa
npocmpancmaenoil unmepghepenyuonnoli kapmuribt. OOpaTHBIIACH K PEKYPPEHTHBIM
ypassennsim (3.13), (3.21), (3.23), MOXKXHO BHJCTB, KaK 3BOJIIOLMOHMPYET 3Ta BEJIMIMHA
BO BPEMEHH JIsl Pa3iIMUHBIX MOJICJILHBIX OTOOpaKeHUA.

JIns napaGonudecKoro oToOpaxkeHus: ¢ nNpoderaeT 3a NepUoOJl Bce UMCiIa oT 1 1o
N-1. CoOTBETCTBEHHO, T€ e 3HAaYCHHsA, HO B JIPYTOM MOpsAAKe, NpoberaeT BeIMIKUHA
g. [unammka kak Obl pa3BopauMBaeT Iepej| HaGIIOfaTelleM OPHUCYIyIo wuciay N
aprMETHIECKYIO CTPYKTYPY, 3aKONMPOBAHHYIO B IODsIKE IOSIBJICHHs Ppa3MYHBIX
yHMcen cpefu OOpaTHbIX K IOCIENOBaTeNbHbIM INelbiM. Hamnporus, auHaMEKa
oTobpaXeHUs! JUIMNTHIECKOTO THIIA COBCEM HE HECET MH(OpMaNuu 00 3TOi CTPYKTYpe:
KakuM 6bl HH ObuTO uHnciio N, BeJlMuMHa g npoOeraeT BCerfa OOHHM M Te Ke 3HaYeHUd
0,-1,0,1. B runepGoMMiecKoM CHIy4ae€ Ha BpEMEHAaX MEHBIIMX MNEpHOfa BO3BpaTa
HOCIICIOBATEILHOCTh ¢ HOCHT XaoTH4ecKuH xapakrtep. COOTBETCTBEHHO, OOpaTHOC

qHCIIO, g, TaKXKe GeCnopsaouHo GIYy>XAaeT MO CBOEMY MHOXKECTBY 3HaU€HHH, TEM CaMbIM
MACKHpys YIOMSHYTYIO apH(pMETHIECKYIO CTPYKTYPY, aCCOLMUPYIOLIYIOCS ¢ YuCiIioM N.

UTtak, B3aMMOCBS3b MEX]y KBAHTOBON 3BOJIONHEH M KJIacCHUYECKON TMHAMHKON
NpOSBISETCST B TOM, KaK H3MEHAETCA BO BPEMEHH NPOCTPAHCTBCHHBIA MEPHON
nHTepdepeHIMOHHON KapTHHbL. [Ins oTOoOpaXXeHHs: KOTa ApPHONIbA 3TO U3MEHEHHE Ha
KOHEYHOM MHTEpBaJle BpeMeHH, B MpeleliaXx OJIHOro  IOJYIEPHOia, BBITJISIHAT
HEPETYJISPHBIM, XaoTuueckuM. [ oroGpaxkeHus mapaGoiMHIecKoro THna oHo Golee
nnaBHOE W peryisipHoe. [yl oTOOpaXKCHUS SJUTMIITHIECKOrO THIA pAaclpefic/icHHe B
BHIE [BYX J€/IbTa—NMKOB MOBTOPSETCS Ha KaXJIOM BTOPOM lIare WTepauui, a Ha
IIPOMEXYTOUHBIX IIarax HMEET MECTO HHTEP(PEPEHIMOHHASI KAPTHHA C OJIHUM M TEM X¢
IIPOCTPAHCTBEHHBIM ITeprojioM (puc. 6).

4 UckmounrenbHblil cnyuai ¢g=0 cooTBeTCTBYET, KAK MOXHO MOKAa3aTh, BO3BPATy pacnpejlesicHus
BOJTHOBOMH (hYHKIIWH K KOH(PUIYPALHH H3 JIBYX JieJIbTa—TIMKOB.
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<— Bpems

Puc. 6. AHAnOr KBaHTOBO—MEXAHHUECKOro OMNLITA C JIByMsi UW[EISIMA! 9BOJHOUMS BO BPEMEHH
HHTEPEPEHIHOHHON KAPTHHBI OT JIBYX JIe/IbTa—00pa3HbIX UCTOMHUKOB JUIs OTOOpaXKEHHH rHnep6o—
mueckoro (a), napaonuyeckoro (6) W anmunrrdeckoro () Tunos; N=59, [{ =2, 1, =-2

5.3. 3amaya 00 23BOJIOUHM BOJIHOBOro mnaxketra. OnHOH H3 BaXHBLIX
HECTANMOHAPHBIX 3aJlay B KBAHTOBOH MCXaHMKE BCETJ]a CUMTAJioCh PacCMOTPCHHC
3BOIOLHMU BOJHOBBIX MAKETOB, TO €CTh KBAHTOBBIX COCTOSIHUM, JIOKAIIM30BAHHBIX M MO
KOOpJMHATE, M MO MMIYILCYy (pasyMmMeeTcsd, B TOH Mepe, B KakKofl 3TO JOIyCKaeTcs
IPUHIUIIOM HEONpeNie/icHHOCTH). McTopuyeckn, oflHa U3 MPUYMH COCTOAJIA B TOM, 4TO
HCCJICOBATEH JOJIIOE BPEMsl CTapajMch MPAMHPUTH MIH KaK—TO YBSI3aTh KBaHTOBO—
MEXaHMYCCKHUH CIIOCOO ONMCAHHS C NPEICTABJICHUEM O JIOKATM30BaHHBIX KJIACCHUECKHX
yactuniax. Ilo Teopeme DpeHdecTa, NMpU OUYCHb OOCIIMX MPEIONOXKCHHAX IBHXKEHHE
«IEHTpa Macc» BOJHOBOrO TNakKeTa (B CMBICIE CPEHUX 3HAYECHHHA KOOPIMHATBHI U
MMITyJIbca) NPOHUCXOIUT MO Kiaccudeckoi tpaektopuu [7]. B cBoe Bpems Ilpenunrep
[IOCTPOMNJI JUI TApMOHMUYECKOTO OCIMJUIATOPA COCTOSHHSL B BHJE rayccoBa BOJHOBOTO
NaKeTa, 3BOJIONHOHAPYIOETO BO BpeMeHN Oe3 H3MeHeHHs (hOpMbI M COBEPIIAIOLIErO
KOoleOaHud, Kak KjaccMdyeckas dacTuia; cefivac Takue o0Opa3oBaHMS Ha3bIBAIOT
Kozepenmubimu cocmoanuamu [21,22). O6napyxeHnnbii lllpequarepoM THI NOBEHCHUS
OKa3aJicsi HeXapaKTePHbIM JUIsi cHcTeM Gosee ofInero BMja: Yaile BCETO 3BOIFOLIHS
BOTHORON (hYHKIMM CONPOBOXKIAETCS paclilbIBaHKEM B IpocTpaHctBe. B aToMm
KOHTEKCTE MHTEPECHO pacCMOTPETH JHUHAMHUKY BOJHOBBIX IIAKETOB MOJ JeHCTBHEM
KBAHTOBBIX OTOOpaXXCHMI Ha TOpe M OGCYMMTh, KaK IPOSBISETCS HAMIME Xaoca B
OTOOGPaXCHUM KOTAa APHOJNb/A.

Yt06bI BBECTH B pacCMOTPCHHE KOTEPCHTHBIC COCTOSIHMSA, CHAvYalsia ONpPEICIAIOT
COCTOSIHHE, LIEHTPHPOBaHHOE B HavaJlc KOOPJIMHAT KaK cOGCTBEHHbIl BEKTOP oneparopa
a=(x+ip)(2h)V2 ¢ HyleBbIM COGCTBEHHBIM uMcloM [22]. B KoOpimHATHOM TNpEACTaB—
senun ypasuenme aly)=0 umeer Bum xy+ hdyldx=0, orkyma wyeexp[-x2/(2h)]. Hanee
CTPOSITCS COCTOSIHAS, CMEICHHBIE TIO MMITYTThCY H KOOPIMHATE Ha [IPOM3BOJIbHbIE BEJIA—
IMHBI P M X KaK Pe3yJbTaT JeHCTBHS onepaTopoB cagura: ly, Y=exp(i(px—xp)/h)ly).

Ussmpoe o600IueHre, TIPUTONHOE NSl OTOOpasKeHMH Ha Tope, IPUHAIIIEKUT
Capaceno [23,6]. On mnpemioXul BBECTH Pa3HOCTHBIH aHajlor omepaTopa @ H
ONpefeMTh EHTPUPOBAHHOE B HAUAJIC KOOPIMHAT COCTOSIHUE YPAaBHCHUEM, KOTOPOE B
HalIWX 0003HAYCHUSAX UMEET B
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(A—A+ +i(K—K+))ly)=0. (5.11)

Cocrosinusi, cMellleHHble Ha P IO3UIMHA 1O UMITYJILCY U () NO3UIMIA TTO KOOPAMHATE MOTYT
OBITH TOJIYUeHbI ¢ NMOMOIBIO onepaTtopa K+CAP. TlomelicTBOBaB 3THM OllepaTOpOM Ha
ypaBHeHue (5.11) u yuuThIBasi KOMMYTallHOHHOE cooTHOIIeHHe (3.6), MOXKHO yGequThCs,

ITO CMELIEHHOE COCTOSTHUE [Wpp)=K+CAPIY) yIOBIETBOPSIET yPaBHEHUIO
[o-CA—0CA+ + i(0-PK— o K+)|Iypp)=0. (5.12)

OGpatumMcs Tenepsk K o0lIel cxeMe, cpopMyIMpOBaHHOM B Havase pasgena. Ecnu
B HAYAIbHBIA MOMEHT BEKTOpP COCTOSIHMS YHOBIIETBOpsieT ypasHeHnuio (5.11), To
COCTOSTHMC B MOMEHT BpeMeHH k OYIICT MOJIyUaThCsl U3 YPaBHCHUSA

[A(k)—A+(k)+i(K(k)_K+(k))]!W(k»:o- (513)

Eciu Hac MHTepecyeT ciyvyall CMENICHHOIO IAKETa, TO NOAECHCTBYEM Ha 3TO ypaBHEHHE
orepatopoM K+QnAF . TIOCKONBKY KOMMYyTaMOHHBIE COOTHOLICHUA 1A Ky m A,

TAaKHE XKE, KakK It onepaTopoB Ku A, NOJIYHIACMOC YpaBHCHHUC COBIIQIACT O CTPYKTYpPC
¢ (5.12):
[0-0A 1y~ 0RA* iy +i (0K =0 K+ 1)) [ K 1y QAP (1 y()=0. (5.14)

CnemoBaTenbHO, COOCTBEHHBI BEKTOp omnepartopa, durypupymomiero B (5.12),
Wpo)=K+CAPly), B MOMEHT BpeMCHH Kk NCPCHICT B COOCTBCHHBIA BEKTOP OIEpaTOpaA

(5.14), |WPQ(A)>=K+Q(A)AP(A)hll(")).
MOXHO OKa3aTh, YTO PEHICHHE [Wpo(h)) ¢ TOUHOCTHIO 0 a30BOI0 MHOMKHTEIS

HaXOJUTCS U3 pellieHUs VIS HECHTPHPOBAHHOIO nakeTa [yk)) cIBUrOM No KOOpAMHATE U
MMIIYITLCY Ha BeduuuHbl QK m P, KOTOpBIC HOMYyYarOTCs Ha K—OM IIare MTEpaLui

KJIACCHUIECKOr0o OTOGpaXkKeHHs1, ONPeIeIEeHHOTrO Ha IMCKPETHOM petreTke NxN.

HokaxkeM TOCJE[HES YTBEPXKICHHUE, ABIAIOLIECCA ACTHBIM CIyYaeM TCOPEMBI
Dpendecra, At oToGpaxkeHuss Kora ApHonbfa. C  MNOMOIUBKY  ONEPATOPHOrO

otobpaxkennst (3.18) monyuaem K+Q( AP, =[A+(K+)2]e[AK+]P. JIroOble nepecTaHOBKU
OMepaTopoB B MPABOH UaCTH MOCICTHEIO YPABHCHUS NMPUBOJUT TOJBKO K MOSBIICHUIO
¢ha3oBOro MHOXKHUTENS (B CHILy KOMMYTALMOHHOT'O cooTHOHICHUS (3.6)), Tak uTO

K+0 AP |y =(cbazoBbiil MHOXHTENS )-(K+)P+20AP+Q=

=(a30BbIil MHOXUTEND )-(K+)0MAPM,
OTcrofia siCHO, UTO CIIPaBEVIHBO HPCICTABIICHHE
K+2;,AP y=(da30Bblil MHOXHTEID)- (K+)2PAPD,
rae PO u Q) ynoBiaeTBOPAOT PCKYPPEHTHLIM YPaBHCHUAM
Pu+D=PO+Q6, Qi+H=PH+2Q" (mod N). (5.15)
TeM caMbIM JJOKA3aTENbCTBO 3aBCPIIICHO!
W po®)=K+ ;3 AP 1 y®))=(cbazosbii MEOXHMTENE)- (K*)2“APOIy(L).

OG6cymuM Teliepb NPONEce paciUIblBaHMs LEHTPHPOBAHHOTO MaKeTa, 3aJaHHOrO
ypaBaenneM (5.11). B xoopiuHAaTHOM IIPE/ICTABIEHMN 3TO YPAaBHEHHE BBINJIIAUT Kak
HAGOp COOTHOIUCHHH, CBS3bIBAIOIIMX 3HAUCHHS BOJHOBOH (DYHKIMM B pas/MvHbIX
npocTpaHcTBeHHbIX y3nax m=0,..N-1:

Yoyrl — Y1 +2\|J,,,sin(2nmN—1) 209 (516)
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rje Mofpa3yMeBaeTcsl YCIOBHE LMKJIMYHOCTH VY, =VY,. IIponssombHO nomaras y,=1,
MOXHO HafTH OCTaJbHbIC V), K3 cucTeMbl N—1 JMHCHHBIX ypaBHEHHH, a 3aTeM

oTHOopMmpoBaTh pemieHde Ha emuHuLNy ({yly)=1). Tlpu N—ee mOCTpOCHHOE TaKHM
o6pa3oM coCTOsIHHE B O6NacTH cBOeH NPeUMyYIIECTBEHHOH JIOKAIN3aliH PHOIIHKACTCS
K rayccuaHe, TIOCKOJNBKY B STOM IIpefieJie MCUE3aeT pa3iiMiHe MEXXJY Pa3HOCTHBIM
oneparopomM CapaceHo B JuddepeRnuanbHbM onepaTopoM 4. Ecimm cuuraTth, uTo
3HAUCHMS MHJIEKCa /1 OTHECEHBI K MHTEpBally, LUEHTPUPOBAaHHOMY B HyJIe, TO OGJIACTD
JIOKAJIM3al[ud HacTCs HepaBeHCTBOM Iml< N172,

O6patumcs X ypaBHeHuto (5.13), onpenensiolieMy cOCTOSHAE B MOMEHT BPEMEHH
k, ¥ MepenuieM €ro B IBHOM BHJE, HCIOJB3Ys MpPENiCTaBIEHAE MaTPUYHLIX JIEMEHTOB

OnepaToOpOB

(A(k))m..'r =8m+q,uap”+ua (A+(A'))m.n =8m.n+qa_pm_u, (5‘17)

(K (k))m,n =8m+x.nam+v9 (K+(k))m.n =8m‘"+sa—r'm— Y. (5 18)

B KauecTBe NapaMETPOB S,..,v CIOfA JOJDKHBI OBITh TMOACTABJICHBI BEJIMUHMHEI,
OTBevaromue k—My LIary MTCpamyil COOTBETCTBYIOLIETO OTOOpaskeHHs B OOpaTHOM
BpemeHu (JU1st Kota ApHoiba cM. dopMyiel (3.13), (3.16)). B pesynbrare nonyanm

w"HSar(m+s)+v - Wm_sa—rm—v + iWIn—qa_p =i _i‘|’m+qo"‘p(m+q')+u =0, (519)

IJie BHOBb CUHUTACTCH HAJIOKCHHBIM YCIIOBHE VY, =V, 3afada BBINUCICHUS BOJHOBOMN
yHKIMM B TMPOCTPAHCTBEHHBIX y3]IaX CBOIUTCH TEM CaMBIM K PEIUCHHUIO OJHOPOINHOM
CHCTEMBI JIMHEHHBIX areOpaniecKiX YpaBHEHNH. AMIUTMTYAHbIA MHOXKHTEIb HaXOIUTCS
M3 YCIIOBHS HOPMMPOBKH, a (ha3a OCTAeTCsi HEONPEACIEHHOM, YTO, BIIPOYEM, Mallle BCErO
HECYIECTBEHHO. TEeXHUYECKHM pPEIEHHE CHCTEMbl YPaBHEHHH OOJIEIYacTCS TEM, YTO

3afaroNias €e MaTpula CHIIbHO pa3peKcHa.

IMycte MBI MHTEpECYyeMCsl HAaYaJIbHOW CTajdell 3IBOMIONMH NAKCTa B CHTYallUH,
Korna N BelMKO, a UIMpHHA HakKeTa MO HNPOCTPAHCTBEHHOMY HMHJEKCY m nopsanka N2,
Torfga BOJHOBYIO * (PYHKIHMIO MOXHO pacCMaTPHBATh KA4aK 3aBUCSINYIO KBa3sH—
HENPEPbIBHBIM OOpa30M OT INPOCTPAHCTBEHHOH IIEPEMEHHOM /M, W 3TO HOJNOXKCHHC
COXpaHMTCS, OYEBUJHO, B TCUCHHE HEKOTOPOro BpeMEHH. ByneM OTHOCHTL 3HaUEHHS
HHJICKCOB K HHTEpBasy, IICHTPMPOBAHHOMY B HyJe. YUHThIBasi WieHsI nopsjka 1/(N)1z2,
1oJIaraeM

Y, )ty = ytsoy/om + [(2ni)/N]rmy, (5.20)

M aHAJOIHMYHO IS OCTalbHBIX wieHoB B copMyne (5.19). B pesynprare nonyuaem
ypaBHEHHE

oylom=(—n/N)-[2m(p+ir)/(s—iq)]v, (5.21)

y=C exp{(—n/N)-[(p+ir)m2/(s—ig)]}. (5.22)

BCIOMHHM, YTO CTAaHAapTHOE BbIpaXKEHHE U1 BOJHOBOH (pyHKUMM B BHJC
rayccopa nakeTa uMect Buj [22]

v(x)=[ReA/(rh)]|4exp|-Ax2/(2h)] = const-exp[-Ax2/(2h)]. (5.23)

OTKyjla

JleficTBUTENbHAs YAaCcTh MapaMeTpa A 3ajlaeT IIMPHMHY NaKeTa MO KOOpAWHATEe Ax~

~1/(ReA)!2, a mmMpyHa no UMIYJIbCY BbIpaxkaeTcd Kak Ap=1/[Re(1/A)]12. 3nauenne A=1
OTBCUACT <«IAaKeTy MHHUMAIBHOH HeOlpeeIeHHOCTH», B HAMOOIBIUEH BO3MOXHOM
CTETeHH JIOKAJM30BaHHOMY ¥ 110 KOOPIMHATE, H IO HMITYJIhCY.

Conocrapiss sbipaxenns (5.22) u (5.23) u nonaras h=1/(2rN), x=m/N, naxogum
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A=(p+in)/(s—iq). (5.24)

BemomunM opue mar urepanuii (3.13) B oOpaTHOM BpeMeHH M TOJCTABHM HOBBIE
3HauCHUsS NEPEMEHHBIX B BbIpaxeHue Wi A. PesynpraT MOXKHO npepcraButh B BHe
KOMILJIEKCHOTO PEKYPPEHTHOIO OTOOpakeHMsi Ui A, €CllM y4YeCTh, YTO BCJCHCTBHE
(3.13) u navanpHbIx ycnosuit (3.12), B nponecce MMHAMMKH OCTAETCS B CHIIC PABEHCTBO
r=q. tak, umeem:

A'=(payrigap)! (say=iray)=lp-r + i(g—$)[2s—q+i(2r—p)}=(A - i)/(2+iA). (5.25)

Ecim B KauecTBE HMCXOMHOIO 3alaTh HEKOTOPOe JIEHCTBHUTEIbHOE 3HAYEHHE
napamerpa A>0 u wurepmpoBarh dopMampbHO oTOGpaxeHue A'=(A—i)/(2+iA), TO

pellleHNe CXOAUTCS! K HEMOIBUXKHOA TOUKE A=i(1-512)/2. 3akoH CXOmMAMOCTH MOXHO
BBIICHUTD, JIMHEAPU30BaB OTOOpaskeHHE BOIN3M 3TOH TOUKM:

A=i(1=512)12 + C-Ak, (5.26)

3pech k oOo3HauaeT Homep wureparum, A=(3-512)/(3+512)=A,-2, A, — crapuiee
cOBGCTBEHHOE YUCIIO MaTpHIpl oToOpaxkeHust (cM. pasfielt 1), a BelllecTBeHHast KOHCTAaHTa
C 3aBHCHT OT HAaUaJLHOIO YCJIOBHUS (B 4aCTHOCTH, WIst Ay=1 nonyvaetcs C=1.382).
Takum o6pa3oM, B aCHMIITOTHKE JIEHCTBATEbHAS YacTh TapaMeTpa A yObIBacT 11O
3akoHy A,-2. CrefoBaTenbHO, IIHMPHHA MaKeTa HApacTacT OSKCIOHCHIMAILHO: Ax~

~1/(ReA)12~) k=exp(A,k), M 3TOT PpOCT XApAKTEPHU3YETCSI HE YEM MHBIM KakK
HOJIOKUATENBHBIM JISAIIYHOBCKMM [OKAa3aTelleM KIIACCHYECKOro OTOOpaXKeHHs KOTa
ApHOnbaa A, . (3aMeTnM, UTO IO TAKOMY XK€ 3aKOHY yBEIMUMBAETCH IIMPHHA TaKeTa U B
MMITYJTLCHOM TPEACTaBJICHHA. B 9TOM MOXHO YOE[MTECS, BHIYMCIHB JCHCTBHTEILHYIO
yacTh oOpaTHOl BermmumHbl 1/A;.) Bpems (umcio wurepammit), 3a KOTOpOE IIMpHHA
NaKeTa CpaBHAETCA C MPOCTPAHCTBEHHBIM IIEPUONIOM HAa TOPE, MOXHO OLCHHTL M3
ycinopust N~N12exp(A,Ty,p), 4T0 maeT Ty p~(1/2)(logN)/A,=~(1/2)log(2rh)/A,. D10
XapaKTEPHOe BPeMs! 3aBHCHT OT KBAaHTOBOIO IapaMeTpa JIOrapu(MHUYECKH, W MOITOMY
npu G6ombImux N OHO BCerjia OYCHb MaJIO IO CPaBHEHUIO C KBAHTOBBIM NIEPHOJIOM.

Ha puc. 7 mokasaH Buj rayccoBa IAKeTa Ha TOH CTaJMH SBOJIONMH, KOI7a
k03bpUIMEHT Nepel KBaJpaTHIHBIM WICHOM B TNOKa3aTesle IKCIIOHEHTBI YXe OUYeHb
6masok K i(1-512)/2. BeluuciauM JIOKabHOE BOJHOBOE WHCNIO B BOMM3M HEKOTODOM

TOUKH Xy. [lonaras x=x,+Ax, UMeeM
exp(—ix2(1-512)/4) =const-exp(—(¥/ k) (xo(1- 512)/2)Ax),

T ecThb P=x,(512—1)/(2 k). DTOMY BOIHOBOMY UHCJIy COOTBETCTBYCT BCIMIMHA UMITYJTHCA

p=Bh=xy(512—1)/2. TakuM 0Opa30M, COOTHOILCHUE MEX]y KOOPIMHATON M JIOKaJIbHbIM

HMITYJIbCOM B TOYHOCTH TaKOe K€ KaK B

ImW A KJIacCHKe BJIOJIb HallpaBJICHUA

HEYCTOWYMBOIO  COOCTBEHHOI'O  BEKTOpPA
OoTOOpaKeHUs KOTa ApPHOJIB]A.

INonkrTaeMcs HarJSIIHO NPENCTaBHTH
KBAHTOBYIO [UHAMUKY B BHJIE, JIOIYCKaro—
IeM TpsIMOE CpaBHEHHE C KJIACCHUECKOM
KapTHHKON 3BOJIIONMHM H300paXKEeHHUsT KOTa
Ha ¢a30BOH INIOCKOCTH.

JInst KBaHTOBO# CHCTEMbI (Pa30BYIO
IJTOCKOCTh MOXHO MBICJIATE KakK yHOps—
JOUYEHHBIH HaGop siueek pasMepa ApAx~h, u
Puc. 7. Buj rayccoBa BOJIHOBONO NaKeTa nocie  roBOPHUTH OO aMILTUTYE NpcObIBaHUS B TOH
HCCKOJMBLKHX MNEPBLIX HIAroB 3BOAIOIHH, OIHCHI— WU I/IHOﬁ HIIeﬁKe. OIIpC}IeJII/ITb 3Ty

BaecMOll  KBaHTOBbIM  OTOOpaKEHHEM  KoTa 7
APpHOJIbIA, KOT/ia LIMPYHA Makera ellie Mana 1o AMILTUTYY MOXKHO KaK MHTETpall IICpEKpbl

CPaBHCHHIO € MEPHOJIOM HA TOPEC
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Puc. 8. Tlpoliecc pacibiBaHusi [ayccoBa BONHOBOTO NakeTa Juisi OTOOpaXeHus Kota ApHOIbfa:
spontounsi  pacnpefieniehnst Xycumu npu N=131. Tona ceporo usera KOJMpYIOT BepOSITHOCTD
NpeGblBARUS CHCTEMbl B JIaHHOM sAuelike ha3oBOro NpOCTpaHCTBa Ha Muockocth (p, x). Hagano
KOOpJHAT pacroiaractesi B UEHTpe KBajipara. [unamMuky pacnpefienetiusi XyCHMH MOXHO CPaBHHTDL €
PHC. 2, a, KOTOPbI OTBeYaeT KJacCHUECKOMY 0TOOPaXeHHIO

THSI BOJIHOBOH (pyHKIME |y) ¢ KOTCPEHTHBIM COCTOSHHEM |y}, UECHTPHPOBAHHLIM B
nanHoil Touxe (p,x). [NocTpoeHnast TakuM oGpa3oM (hyHKLHUS IBYX NEPEMEHHBIX fi;(p,X)=
=Ky, ly)I2 HasbIBaeTCS pacnpedeaenuem Xycumu (Husimi distribution) [6]. fIcHo, uTO B

KJIacCHUecKoM Ipefielte, korna hi—0, rayccos nakeT MUHAMAJILHON HCONPENCICHHOCTH
npeBpalliaeTcsi B AenbTa—(PyHKIMIO, a pacnpefieficHHe XycHMH — B KIJIACCHICCKYIO
(PYHKIMIO pacHpEICIICHUS.

Ins cucteM Ha Tope oOOOOLICHUE pacnpefelicHus XyCUMH TMOIyYacTes
€CTECTBEHHBIM OGPa30M IIPH MCHOIb30BAHNM KOTEPEHTHDBIX COCTOAHMA B MOIM(UKAIIAH
Capaceno. Ha puc. 8 nokaszaHa 3BOMIOLMA BO BpeMeHH GYHKUuH XYCHMH ISt
KBaHTOBOIo OTOOpaxeHus KoTa ApHonbja. HaualbHOE COCTOSIHME OTBEYAET rayccoBy
BOJTHOBOMY IIaKETy MaKCHMAJbHOW JIOKalu3anud. Pasiauubbie TOHa Ceporo npera
KOIMPYIOT ypoBeHb (dyHKumu fu(p.x). HavanbHas cramust 9BOJIIOLMH rayccoBa IakeTa
JIEMOHCTPUPYET OYEBHIHOE CXOACTBO C KapTUHKaMM NpeobpasoBaus M300paXKeHHs
KOTa B KiaccmyeckoM ciydae (cm. puc. 2, a). Korjma umpuHa nmakeTa CTaHOBUTCH
GONbIIE [POCTPAHCTBEHHOTO MEpHOfa, BonHOBag ynxuus w(x) dopmupyeTcs Kak
peE3YIbTAT HAJOXKEHHA M HHTEPMCPEHUMH «XBOCTOB», TPOTSAHYBIIMXCSA U3 PasHbIX
NEPHONIOB: B IPOU3BOJIHON TOUKE X OHa BBIMMCJSICTCS KaK CYMMa KOMINICKCHBIX
AMILIMTY]l, OTBEUAIOIMX BCEM TOUKAM HEPECCUCHUs «XBOCTOB» C JIMHMEH x=const. Kak
pe3yIbTaT 3TOH KBaHTOBOH MHTEp(EPECHIMH, Ha MOCTENHAX «Kajpax» pHUC. 8 MOXHO
BUJIETH YepeNyIOlHeEcs CBETIIbIE M TEMHDBIE IIATHA.

Ha puc. 9 aisi cpaBHEeHHMs] MIUIIOCTPHPYETCS 3BOJIFOUMS paclpefielieHus] XyCHMH
ISl oToOpaXkeHUs napaGoauueckoro Tuma. B aToM ciyvyae paciviblBaHUC [IAKCTa MMCCT
MECTO TOJIBLKO IO NPOCTPAHCTBEHHOH KOOPAMHATE, TOIA KakK [0 MMITYIIbCYy €ro IHMpHUHa
ocTaeTcsd HEM3MEHHOM Ha BCEM HPOTSXKEHUN KBAHTOBOI'O I PHONIA.
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Puc. 9. Ipouecc pacmibiBaHHs rayccoBa BOJIHOBOIO [flakeTa Jyld napaboJiM4ecKoro orcOpakeHHs,
OMHCHIBAIOLLETO CBOOOJHOE JIBUXKEHHE HA TOpe: IBOMIOUMA pacnipenenedns Xycumu npu N=131. Tora
CEPOro 1BETA KOJIMPYIOT BEPOSTHOCTh NPEOLIBAHHS CHCTEMBI B JIaHHON A4eiKe (ha3oBOro NpoCTpaHcTBa
Ha ockocTH (p, x). Hauano koopjMHaT pacnonaraercst B LieHTpe KBajipara. [IMHaMuKy pacnpefieneHus
XycHMH MOXHO CPaBHHTb C PHC. 2, O, KOTOPBIii OTBEUAET KJIACCHUECKOMY OTOOPAXKEHHIO

6. ®ynkuust Burnepa

ToBopss © KJaccuuecKOH [MHAMMKE BooOLlE M O JMHAMHUECKOM Xaoce B
YaCTHOCTH, MBI IIOCTOSIHHO OIHMpaeMcs Ha MoHATHE (ha3oBoro npocrpadcrsa. IloBencHue
HHIUBUIYAJILHOH CHCTEMBbI IPEACTABIACTCA JBMXKECHHEM H300paXxarolled TOYKH IO
¢pasoBoit Tpackropuu. [IuHamuka aHcaMOisi (MHOXKCCTBAa HCB3aMMOIEHCTBYFOLIMX
CHCTEM, Pa3IMYAIOLIMXCsl HAYAIbHBIMH YCIIOBUSIMH) MHTEPIIPETHPYETCA KaK 3BOJIONHUS
obmaka M300paxaloluX Touek B (pa30BOM IPOCTPAHCTBE W ONMCHIBAcTCA (pyHKIHEH
pacrpefielicHUs, YPaBHEHHMC U KOTOPOW HM3BECTHO B KJIACCUUECKOH MEXaHUKE Kak
ypaBHeHHE JIMyBHILIS.

B cuny npuHOMna HEoNpeeIeHHOCTH, B KBAHTOBOM TCOPUH HEJIb3s KCIOIb30BaTh
dynkumio pacnpenesnenus f(p,x), I0CKOIBKY Mbl HE BIIPABE KOHCTPYMPOBATH aHCaMOIIb
U3 CHCTEM, OOJIANAIOUIMX OJHOBPEMEHHO 3alaHHbIMM MMIIYJILCOM M KoopjuHaToi. OpHa
BO3MOXKHOCTL BBECTM B PAacCMOTPEHHME KBAaHTOBBIA aHAJIOr (DYHKIUM paclpefeeHus
oBCyX/allach B IPENLIAYILEM pa3fcic U OCHOBAHA HAa WCHOJIb30BAHUH paclpejesicHUus
Xycumu. [Ipyrast BO3MOXHOCTE ObllIa B CBOE BpeMsl IIpejyiokeHa Burnepom u cocTout B
TOM, YTO BBOUMTCS (PYHKIMS NEPEMEHHBIX P M X, BBIPAXKAIOWIAACA UEepe3 BOJIHOBYHO

pynxumio y(x) cnenytormum oSpaszom (6, 24]:
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W(p.x)=(nh)-1 P (x=x Y (e+x)exp[2(il B)px)dx. (6.1)

Hcnosb3ys oepaTopbl CABAra IO KOOPANHATE ¥ MMITYIIBCY M ONEPaTOp MHBEPCHM
R[y(x)]=y(-x), a0 onpefieacHre MOXKHO NEpPEeNHcaTh B 0003HaueHUAX [lupaka

W(p.x)=(nh)-Yylexp(—ixp/ h)exp(ixp/ h)IRlexp(—ipx/hyexp(ipx/h)ly).  (6.2)

Kax HeTpyaHO mpoBepuTh, BelmunHa W(p,x) Bcerna aefcTBUTEbHA.

®dyuknus Burdepa mMpoKo UCMOb3yeTCs B CTATHCTHUECKON pU3MKe, 3aHUMas B
TEOPMH KBAHTOBBIX CHCTCM TO MECTO, KAKOE B KJIACCHYECKOH CTATHCTHKE 3aHMMala
cyskums pacupenencHus [24]. OcHoBaHHEM CITyXKHT TO, ITO MHTEIPHPOBaHHE (PYHKIMH
Bursepa no mnepBoMy apryMEHTY MNpPUBONMT K PaclpefiC/ICHHIO BEPOATHOCTEN IS
KOOPIHMHATLL, @ IO BTOPOMY — JIJISl MMITyJIhCa:

[W(p.x)dp= w0k,  [W(px)dx=ly(p)k. (6.3)

dynkuuio Bursepa Bce K€ HElb3s pacCMaTpMBAaTh KakK (OYHKUHMIO pacnpejiesieHus,
MOCKOJILKY OHA MOKET NIPUHMMATL OTPHLATEIbHBIC 3HAYCHUSI.

®yukuus Buriepa — oYeHb NMOJIE3HbIA MHCTPYMEHT MCCIIENIOBAHUS COOTBETCTBUS
MeXK/ly KBaHTOBOH U KJIacCHUECKO Teopueii. B KOHTEKCTE 3ajlaui O IMHAMHMKE Ha TOPE
oHa GbuTa BBeJicHa B pabore XanHas u Beppu [15] u mo3aHee ucnonp3oBanach MEOTHMHE
apropamu [17, 25-27]. B arom pasfesie Mbl OOCYIMM B3aUMOCBS3b MEX]Y ONMCAHHEM
NMMHAMHKH OTOOpaXKeHuil Ha Tope ¢ noMoulboo (yHkuuu Burnepa m dopmamuzmMoM
onepatopos Beinst — IeiizenGepra.

Ecnu Ha BOJHOBYKO (PYHKIHIO HaJIOXKEHBI COOTBETCTBYIOIIME TOpY YCIOBHSA
IIEPUOMMYHOCTH, TO, KaK MOKAa3aHo B pasjielic 2, OHa UMEET BHJI «TPeOEHKH» U3 JeIbTa—

N-1

dbyakuui y(x)=X o8, (x—mLJ/N), tne L, — npocTpancTBeHHbI Hepuof, a & (...)
0003HAYAET MMOCIIENOBATEIBLHOCTD fe/ibTa—(hyHKIHA ¢ 3TMM nepuonoM. Iloxcrasisis aro
Beipaxenue B (6.1), momyunm

N-1_N-1
W(p,x)z(nﬁ)-lfdx’ 2o Zoeo[ W8, (x—x'—sLJN)S, (x+x'=rL/N)] exp(2ipx’/h). (6.4)

YcloBHe paBeHCTBA HYIIO apryMeHTa Kaxiod M3 JenbTra—QyHKUMA OIpEHeIscT
ceMeliCTBO MapajlICIbHbIX NpsMBbIX Ha MiIockocTH (xx) (puc. 10). IIpoussencuue
nenbTa—pyHKUMA OylaeT HCHYJICBBIM B

y3JIaX CEeTKH, 0Opa30BaHHON ITHMH NBYMS X ——

cemefictBamn  npsiMbix. Kak Bugao u3z L,
pHCYHKAa, B TPOEKIMH Ha OChb X TOUKH
IepecevucHusl PacIojaraloTcss ¢  I1aroM

L /2N, To ecTh BJBOE dalllc, YEM JIC/IbTa—
N¥KM, OOpa3ylollle BOJHOBYIO (PYHKIHMIO

y. ITockoibKy BbIpakeHHE B KBaJpaTHBIX T
ckoOKax umeeT no x mnepuon L, ero
dypbe—00pa3, KOTOpbIM KaK pa3 M €ecThb
¢yukuuss Burnepa W, Oyner BbIIANETbH
KaKk Habop JenbTa—INMKOB C [IAaroM Mo
BonHOBOMy uMciy AB=2n/L,, rae P=2p/h.
MopcraBimsist B coorsercTBun ¢ (2.2)
h=L.L,/(2rN), HaxomuM, YTO Imar IO 0 Ny L,
umnynscy Ap=hAB/2=L/(2N), To ecThb Ly/N

BIBOC MCHBLUE, WIEM Y BONHOBOH (hyHKIMM Puc. 10. K nocrpoenuto ¢yrkiun Burdepa juis
B MMITYJLCHOM mpejicTaniicHun. Ilomaras OTOGPaXEHUIT Ha TOpE: B NPOEKLMH HA OCh X Y3Jibl
TCNEph szLpzla 3aKJIFOACM, UTO cerk, OOpa3OBaHHOM MEPECEYCHUSIMH MpPSMBIX,
¢ynkuus BUrHepa B €JMHIUHOM KBafpaTe pacnoaraiorcs c warom L /2N
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Ha IIockocTd (x, p) mpejctaBisieTcss HAGOPOM MenbTa—(PYHKUMA, PACIONIOXEHHBIX B
y3J1ax KBaJpaTHOM pereTk ¢ maroM 1/(2N). 3agaTh Takyro (pyHKIHIO MOKHO Ta0JMLel
13 2Nx2N nefCTBUTEIbHBIX YKCEN, ONPEAEISIONMX aMIUATYIbI IEIbTa—TIHKOB.

Ecii MBI pa3pellliM MHAEKCAM k M m IPHHUEMATH Leible W HONYIEIbIE 3HAUCHUS
(0,1/2,1, 3/2,...N-1/2), To MOXXHO 3anKCaTh

W(px)=2, Z,w(k,m) 8 (p—kIN)S; (x—miN). (6.5)

HaGop neiicTBUTENBHBIX uHceN w(k,n) eCTECTBEHHO pacCMaTpHBATh KakK JTUCKPETHYIO
Bepcuio pyHknun Burnepa. Yepes BEKTOp COCTOSIHUS W, OHa BBIPaXaeTCs IOCPEACTBOM
COOTHOLLICHHS

w(k,m)=1/(2N) Z ¥, V" .cexp(4nik®e/N), (6.6)

Ile CyMMHMPOBAaHHE BeleTcs MO LiejbIM M nonyuensiMm & or 0 go N-1/2, npuuem ans
MONyIENbIX 3HAYCHHA MHAEKca (mt®) BeNMUMHA \ CUMTAETCH pPaBHOH HYJIO.

Cymmuposanune w(k,m) 10 k JaeT paclpeiecHHE BEPOSTHOCTEH B KOODIMHATHOM, a
CYMMHpPOBAHHUE TIO 71 — B MMITYJILCHOM IPENCTABIICHHH:

N-1
Zico wlk,m)=ly, 2 (m — uenoe) u 0 (m — monyuesoe), 6.7)

N1 ~
2o w(k,m)=hyl2 (k — uenoe) u 0 (k — nonyuenoe). (6.8)

Buipasum ¢yskuuio Bureepa uepes omepatopbl A u K, To ecTh noaydum
IMCKPETHDbI aHamor cootHouleHus (6.2). IlpoGnema B ToM, uTo onepatopbl K n A
onpefiesieHbl It N—MEpHBIX BEKTOPOB, TOTNA KaK KaXJblfl U3 apryMeHTOB (QYHKIMH
Burnepa npunuMaeT 2N BO3MOXHBIX 3Ha4YeHHA. UTOObI OGOHTH 3Ty TpPYJRHOCTH,
BBINMIIIEM OTJEILHO COOTHOIICHHA I KaXKJ[OM U3 YEThIPEX BO3MOXHBIX KOMOMHAIMI
LEJILIX ¥ TOJYLEIbIX HHJIEKCOB, BBE/ll UETHIPE Pa3HOBUIHOCTH OIIEPATOPOB WHBEPCHH.
Hrak, nosmaraem

w(P.,0Q) = wo(P,Q) = (wl (K*)2APIR,| (A+)PKehy)/2N,
w(P,0+172)  =w(P,Q) = (yl (K-)CAPIR,| (A+)PKely)/2N,
w(P+1/2,0) =w,(P,0) = (yl (K+)QAPIR;| (A+)PKQly)/2N, (%
w(P+1/2,0+1/2) = w3(P,Q) = (yl (K+)CAPIR;| (A+)PKCIy)/2N,
rJie onepaTopbl R; HMCIOT CIIERYIONIHE MATPHIHbIE SJIEMEHTBI:
(R0 u=Bnr (R =815
(6.10)

(RZ)mnzamam,—m (Rg,)m,['—'(l’"_ ”28111,—n+1 .

Kak MOXHO NPOBEPHTE, COOTHOLICHUS (6.9) 3KBHBaJICHTHBI onpefecHUIo (6.6).
ITycTs Telleph 3BOMIONMS BEKTOpA COCTOAHHA |y) BO BpPECMEHH 3alacTCs

yHHTapHBLIM omepatopom U, OTBeYaloOlM KaKOMy—JMOO W3 JIMHEHHBIX OTOOpaKeHHH
topa. Kak Oyier sBomonuoHuposaTsh ¢ynkius Bmruepa? Ha caepyromem mare no
BpeMeHH OyIieM UMETh, OYEBH/HO,

w(P,Q)=(ylU+(K+)CAPIR)(A+)PKQUI)2N,  j=0,....3, (6.11)

WITH, C YUETOM COOTHOLIeHN (4.4)
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wiP.Q)=(yl(K"+)eAPU+IR JU(A™+)PK"2ly)/2N, j=0,...,3. (6.12)

OrpasyuuMcs IS OIIPENICTICHHOCTH oroOpaxeHueM KoTa ApHOIbAa H IIOACTaBUM
K'=KA, A’=AKA. Vicnonb3yst KOMMYTal{MOHHbIC COOTHOIIEHUS (3.6) 7 NepecTaHOBKH
ONEPaTOPOB, B PE3YJILTATE MOy IHMS

w,(P.Q)=(yI(A+K+)e(AKA)PU+IR|U(A+K+-A+)P(KA)ely)/2N=

=(yl(K+)Q-PA2P-0U+IR \U(A+)2P-CKC-Ply)/2N. (6.13)

Manee, ucnonb3yst siBHBbIA Bux MaTpuubl U st oToOpaxkeHust KoTa ApHOIBA
(4.13), MOKHO IPOBEPHTD, UTO

U+RU=A+R:A, U*RU=K+(A+)2R,A2K, U*R,U=R,;,, U+R;U=A+K;A, (6.14)
TaK 4TO U3 cooTHolennit (6.13) cienyer:
wy'(P.Q) = wi(2P-0-1, Q-P),
w(P,Q) = wo(2P-Q-2, Q—P+1),
wy'(P,Q) = wy(2P-Q, Q-P),
wy'(P.Q) = wy(2P-0-1,0-P),

B 0603HaucHUX, MOAPa3yMeBaIOIIMX MCIIONb30BaHAE TIOMYIEIIbIX HHIIEKCOB, HMEEM

w (k,n)=w(2k-m-1/2, m—k). (6.16)

(6.15)

Pe3yabTaT NpUBENEHHBIX BBIKJIAJIOK MOXHO Pe3IOMHPOBATh TaKUM O0pa3oM, UTO
3HaueHHMs1 (PYHKUMM Burnepa, npunucaHHbie Y3JiaM PpEHIETKH 2NX2N, mpocTto

nepeHocATes: 63 H3MEHEHHS BIONIb KIIACCHUCCKHX TPacKTOPHH, IOPOXKAACMbIX Ha 3TOH
pelleTKe OTOOpaKCHUCM BUJIa

kK =k+nm+1/2, m’=k+2m (mod N). (6.17)

(BamernmM, uTo po0aBKa 1/2, Bo3HHKIIAad B YpaBHEHMH ANA K’ B KAKOM~TO CMBICJIE
HECYIIECTBEHHA, TOCKOJIBKY YCTPaHACTCs CABUI'OM Havalla OTCUeTa o kv m: m—m-1/2,

k—k+1/2. Takoe mnepeollpeneieHie KOOPJMHAT HEYTOOHO, MOCKONBKY NPHUBOAUT K
HEOOXOMMOCTH paboTaTh C TIONYIEJIbIME HHIEKCAME, HO 3aTO BOCCTaHABIMBACT MOIHOC
COOTBETCTBHE C (DOPMOI KJIACCHUECKOrO OTobpaxkeHus.) PesynbraT, aHaloruyuHbii
(6.17), ana kBauryemeix no Xanusto — Beppu chopmyimposan B paGote [15], a puist
OTOOpaKEHUA KOTa APHONLIA IPH YETHBIX N - B [17].

Ha puc. 11 u 12 noka3aHo, KaK 3BOJIINMOHAPYET BO BPEMCHH (pyHKIMA Burnepa
NpU 3aJaHAM B KauecTBe HAUAJLHOIO COCTOSHMS rayccoBa makeTa. B oboux ciydasx
SBONMIOLMA  TIEPHOAMUCCKas: BO3BpaT K  HCXONHOMY  COCTOSHHIO — HACTYyMNaeT,
cooTBeTcTBeHHO, uepe3 14 u 13 maroB. OfHAaKO NPOMEXYTOUHBIC COCTOSHUA,
pEaNH3yIOUMEcs Ha MPOTSDKEHMM MNEPHOa, PAsIHYalOTCH: IS TUNepOoIMIecKoro
OTOOpaKCHUs 3aMCTHO OTJIMYHBIC OT HYJA 3HAUCHUA ¢yukuuu Burnepa Oonee unmm
MeHee pa3GpealoTcs IO BCeH IIOLIa| KBaipaTa, TOrAA KaK A/ apaGoIHIecKoro OHu
OCTAIOTCS B ONMPEICIICHHOMR TIOJIOCE KOHCYHOM (IMPHHBI MO UMITYJIBCY.

5 @akTuuecKd TPOLENYPa [EPECTaIOBKH BbINONHACTCA TPHBHANbHBIM OOGpa3soM, MOCKONbKY
NOSIBJISIOLIMECS B XOjle Hee clieBa M COpada OT oneparopa R MHOXHTENM O B PasIiuHON CTeneHHn
KOMIIEHCHPYIOT JIpYT Apyra.
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Puc. 11. [Iunamuxa ¢ynxkuud BurHepa ins oroOpaxenuss kota ApHonbfa npu N=13. KsaHToBblf
nepion BosBpata T(N)=14. B kavecrTBe HayalbHOrO COCTOAHMS 3aJlaH rayccoB BOJHOBOH Maker,

ueHTpHPOBaHHbIﬁ B Hayajie¢ KOOpPJIMHAT

) |J%4‘jf'1"}ﬁi"“; tH.
e

I

Puc. 12. JOunamuka ¢yHxkumu BurHepa Juisi orobpaskennsi napaGONMYECKOro THIA, ONKChIBAOILENO
cBOGOJiHOE fiBMXKEHMe Ha Tope, npu N=13. Ksawroesii nepuoj Bozpara T(N)=13. B kauecTse
HAYANBHOTO COCTOSIHHSL 3ajlaH I'ayCCOB BOJIHOBOI MaKeT, LEHTPHPOBAHHBLIH B Hauvajie KOOpJMHAT.
OG6paruTe BHUMaHhe, 4TO MO MMIYJLCY 3aHHMAEMbIH TIAKETOM MHTEPBal OCTAETCH HEMIMEHHBIM B

npolecce AMHAMHKH
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7. CnneKTp KBa3HIHEPIrHi H COOCTBEHHBIE BEKTOPbI ONIEPaTopa 3BOJIIOHUK

Ypasuenne Ilpeguarepa KBaHTOBOH CHCTEMBI, IAPAaMETPbI KOTOPOW IOCTOSHHbI
BO BpEMeHHM, a JMHAMMKA NPOMCXOJMT B MPOCTPAHCTBCHHO OrpaHNUYEHHOH oOO6JacTH,
NPHUBOJJAT K JUCKPETHOMY CIIEKTPY COOCTBCHHBIX UCEN — Pa3pelllCHHBIX 3HAUYCHHH
HEPI'HH.

1A cUCcTEM, IapaMeTPhbl KOTOPBIX NEPHOIHUCCKH U3MEHSFOTCSL BO BPCMEHH, U JUIA
CHCTEM C JMCKPETHbIM BpPEMEHEM, BMECTO IHEPICTHYCCKOIO CIEKTpa T'OBOPHT O
cnekmpe keasusHepeuti. TIycTh 3BONIOIMS BEKTOpA COCTOSHHSA 32 MEPHON T JaeTcs
yuutapHbiM onepatopoM U. IlocTaBum Julst 3TOro oneparopa 3afavy Ha COOCTBEHHBIC
BEKTOpPbl M coOcTBeHHble 3HauveHMa M 3anumieM Uly)=Aly,). ITockonbky onepartop
YHHTApHBIA, €ro COOCTBEHHBIC YMCIIA 10 MOJYJIIO 00si3aHbI ObITH eIUHHYHBIMY, U MOXKHO
nonoxuth A=exp(iE,t/h). Bemuunna E; ecTb x6a3usHepzus COOCTBEHHOIO COCTOSIHUS
ly,). SIcHO, 4TO OHA ompefIeNicHa ¢ TOYHOCTHIO IO MOCTOAHHOK Ao6aBku 2nh/t. OTMeTHM
YMECTHYIO 3/I6Ch AHAJIOIMIO C KBAa3WMMIYJbCOM, KOTODBIA BBOMST BMECTO OOBIMHOIO
MMIyJIbCa I1IPH aHajM3e Ccpejl C IIPOCTPAHCTBEHHO MEPUOIUUIECKON CTPYKTYpO#
(Hanpumep, B (pU3MKE TBEPHOro Tejla). Kpasuummyiibe Takxke ONpefiesieH ¢ TOTHOCTBIO
110 IocTosiHHOM 1o6aBky 21th/d, rae d — NpOCTPaHCTBEHHBIA IIEPUOL.

Hns oroOpakeHui, T — 3ITO ONUH IIar RUCKPETHOTO BPEMEHH. [Mockonbky
olepaTOp 3BOJIIOIUH I OTOOPaXKEHHMs Ha TOpe IMPENICTABIACTCS MaTPHIEH pa3sMepa
NxN, ciekTp fo/KeH cofiepxkarb N cOOCTBEHHbIX wmces A,=exp(if,), cpelu KOTOpbIX,
ONHaKO, MOrYT ObIThb BBIPOXJCHHbIE. BenmuuuHbl 6,, KOTOpbIE M HIPAIOT pOJIb
KBa3HSHEPTHH COCTOSIHHI, HA3bIBAIOT MHOIMA «COOCTBCHHBIMH yriamu» (eigenangles).
Bekrop ly,) GyiieT Takke cCOGCTBEHHBIM BEKTOPOM onepartopa Uk, coberseHHoe wmucio
xotoporo At Hammume kBanToBoro nepuopa T(N) osmauaer, wro U'=1. Ilosromy
AJTM=1, 1 Bce cOGCTBCHHBIC UUCIa A, OOsi3aHbl OBITH KOMIUICKCHBIMM KOPHAMH CTEIICHH
T(N) U3 CIUHUIBI, TO €CTh MPHHAMICKATH MHOXCCTBY {1, o, 0,..., (n’l'<N)-l}, rpec o=
=exp[2ni/T(N)]. Bolpoc COCTOMT TONBLKO B TOM, KakKde M3 ITOTO MHOXECTBA KOpHEH
TIpE/ICTABIIEHBI B CIICKTPE M € KaKOil KPATHOCTHIO.

Creyp marpunbl U paBeH, KaK H3BECTHO, CyMME BCEX €€ COOCTBCHHBIX 3HaUeHUH, a
it MaTpHIbl Uk OH JaeTcst CcyMMO# MX k—bIX crerneHen:

S=Tr(UH)=Soy Mk (7.1)

INocnenoBaTeIbHOCTh S, KOTOpasi MOJydYaeTcs, KOrja HHAEKC & mpoberaer
BCCBO3MOXKHbIC 1eJIble 3HaUeHHs, OyIeM Ha3bIBaTh frace—nocaedosamenvrocmyio. 11o
HHJICKCY k OHa UMeEeT MepHON T(N) u gomyckaeT Io3ToMy NpefiCTaB/ICHHE B BHE psija

dyphe:
T(N)-1

TN)-1
Si=X,—o n,exp(2inrkip)=%,_y n,w*. (7.2)

Cpasrubas (7.1) u (7.2), BumuM, 4To Ko3(phUIMERT IPK F—OM 'IEHE Pa3iIOXKEHHs

T(N)-1
n,=(UT(N)ZoSiexp(—2inrkI T(N)) (7.3)

HpeNCTaBIsIET CO0OH KPaTHOCTh COOCTBEHHOrO 3HAUCHHS Y B CIEKTpE OlepaTopa
sBoMmoIuK (pasyMeercsi, Bce N, 00s13aHbl ObITh HEOTPHUATEIIEHBIMY I1EIbIMU YUCIIAMM ).
Taxum o6pa3oM, ITOObI MOIYYHTh CIICKTP ONEpaTopa 3BOJIOLMH JIOCTATOTHO HaWuTH
trace—nocJeOBATEILHOCTD U MOIBEPTHYTH €€ IUCKPETHOMY Mpeobpa3oBanuio Pypre.
«JTo60BOH» CIHOCOD COCTOUT B TOM, UTOOBI BBIUYMCIIATBH cTeneHH MaTpuubl U,
MONCYMTHIBAg S; KAaK CyMMy MMaroHAIbHBIX JIEMEHTOB. OJMH OBICTPHIA aJCOPUTM
MOKET ObITh OCHOBaH Ha IIpONENype HaXOXJICHHS MATPHIlb] oliepaTopa Uk, (cM. CHOCKY
2), 7Apyroil — Ha COOTHOUICHMAX, CBS3bIBAIOMIMX trace—IOCIENOBATEILHOCTE U
nepHOaMIEcKHe OPOHTBI KJIACCHUECKOTO OTOOpaKeHHs (cM. B 31Ol CBA3HM PpabOThI
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Puc. 13. [lnarpammbl, pejicTapIsioLIHe trace—MOC/IE/{OBaTEbHOCTb H CIEKTPbI «COGCTBEHHBIX YITIOR»
JIIIs1 KBAHTOBOTO OTOOpaXeHHs XoTa ApHobjia npu HeueTHBIX N ot 3 jjo 21

Kuruara [30, 31] u npunoxenwe C). Ha puc. 13 npuBogsarcs muarpammsl,
NpEACTaBIIAIONME  trace—MOCIENIOBATEIBHOCTH  KBAHTOBOIO — OTOOpaXKEHUs  KOTa
APpHOJIbJia Il HECKOJIbKMX HeOonbumx N, a TakxKe CIEeKTpbl KBa3HIHEprud WM
«cobcTBeHHble yribl». Ha puc. 14, a mokaszano, KakK 3aBHcAT oT uuciaa N CHIEKTPBI
KBa3M3HEPrui i1 oToOpakeHUss KoTa ApHOIB[A.

Ha puc. 14, 6, 6 mpuBopaTcs aHaJOTMUHBIC [AaHHBIE JUIA OTOOpakeHMiA c

PEryjIsipHO IMHAMMKOM — NapaboNMYECKOro M 3JUIMNTHYECKOro THHa. Jas
2] i
ol ‘ |
N 64 3 N 64
a 8

Puc. 14. Cnexrp KBasusHepruit (MM «COOCTBEHHBIX YIJIOB») Jiisl KBAHTOBONO OTOGPAXKEHHS KOTa
ApHosbjia (a), 15 0TobpaXeHHs NapaboIMUYECKOro THIE, ONMCIBAIOILETo cBOGOJIHOE fiBHKEeHHE (6), H
U1 OTOOPaXKEHH 3JUnTHYeckoro thna {8). KpaTHocTb BbIPOX/IEHHA COBCTBEHHBIX YHCEN OG03HAUCHA
KOJHYECTBOM YepPTOYeK, MPOXOJIALLMX Yepes JIaHHYIO TouKy. [Ipe/icTaBieHsl jjaiHbIie KaK i HeUeTHbIX
N (oroOpaxeHusi, ONpEJIENEHHbIE B OCHOBHOM TEKCTE), TaK M Jils YeTHbix (oToGpaxeHus,
ONpefie/ICHHbIE B PHNOXKEHHN)
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napaGomrdeckoro orobpaxkenus (3.20) marpuna omepatopa sBomomuu W (4.15)
JMATOHAJIM3yeTCA IpH MEpexoie B UMIYIBCHOE MpPeCTaBlIeHHe H TPUHHMAET BHJ
marpuubl V (cm.(4.14)). TloaToMy coGcTBeHHbIe (DYHKIMH 3afjalOTCs COOCTBEHHBIMM

BEKTOpaMM omepatopa uMIyiabca, (y,),e<exp(2rims/N), a coOGCTBEeHHblE uMCTIA

BbIpaxKaroTcst Kak Ag=exp{in((s2+s+1/4)/N-1/4)}, roe 5=0,....N-1. [l sjumnTadeckoro
orobpaxenus (3.22) omepaTop 3BOMIOLMM COBHAJACT € ONEPaTOpOM OOPaTHOro
muckpersoro npeoOpa3zoBaHuss Pypre. 3ajaya Ha COOCTBEHHbIE BEKTOPLI W
cobGCTBEHHBbIE 3HAUCHHS HOIYCKAET B 9TOM Cllydyae TOMHBIN aHAIIN3, H3JIOXKEHHbIH B [28].
[Ipu mobGom N muMeeTcs 4YeTbipe COOCTBEHHBIX 'HCIIA 1, i, -1, —i, kpaTHOCTB
BBIPOXKJICHHS. KOTODBIX paBHa, cOOTBeTcTBeHHO, [(N+4)/4], [(N+1)/4], [(N+2)/4] u
[(N-1)/4], rre kBanpaTHBIE CKOOKH OGO3HAYAIOT IEIYEO YaCTh YMCIA.

Ha puc. 14 B pacnpeie/icHUA ypOBHEH KBa3HIHEPTMU OTOOPaXEeHUH ¢ perysipHOn
TMHAMUKOH MOZKHO pa3/IiudTh ONpefelICHHbIE YHNOPSAOUYEHHbIE CTPYKTYpPhI, TOIMa Kak
VIS OTOOpaXkeHUsl KoTa ApHonblia («Xaoc» ) HX He BUITHO.

Crieqyloiii HHTEpECHBI BONMPOC COCTOMT B TOM, HE MNPOSBUTCS JIM pasiiMiue
MEXKJly OTOOpaXEHHSIMH C PpErylsipHOH M XaOTHMECKOW JMHAMHKONA B CTPYKType
COOCTBEHHBIX BEKTOPOB oNepaTopa 3BomonuH. Bo3bMeM KakoW—HUOYAb MPOOHBIA

BEKTOP |W) B, ICHCTBYS Ha HEro onepaTopoM 3Boomuu U, mocTpouM 1ociielopaTe/b—

HocTh |y)=UHwy,). Brarojapss ToMy, UTO HMeeT MecTo mepuon Bosspata T(N), arta
I10CJICIOBATEILHOCTD MpefcTaBisieTcs psijoM Pypre:

T(N)-1 ~ _
o= Zo  IWoexp(2nisk). (7.4)
B KauecTBe «KO3(phUIMEHTOB» B ITOM BBIPAKCHHH (PUTYpHPYIOT (HEHOPMMPOBAHHBIC)

COGCTBCHHBIE BEKTOPBI OlepaTopa IBomonuH [y,). Bekropy

= (UTV)) Zey | Iidexp(—2misk) (7.5)

OTBedaeT cOGCTBEHHOE 3HaueHue A,—exp(2mis), a ecim 11l HEKOTOPOr'o § YUCIIO eXp(2Tis)
B CIIEKTpE HE IIPEICTABIICHO, TO COOTBETCTBYIONMI WIEH CyMMbI OOpAI@cTCs B HYJIBS.
IMpuBneKaTeNnbHa Uies 3aflaTh NPOCHDIA BEKTOD TakK, YTOObI Pe3yJbTAT ACHCTBUS
ONEpaTopa 3BOMIOUMH BBIPAXKAICS AHANMMTHUCCKA. 3Ta uuess ObLla NpEAIOXKeHa X
peamm3oBaHa DkxapioM [18] mis BbrMMCnIeHMs M aHanmM3a COOCTBEHHBIX BEKTOPOB
JIMHEHHBIX OTOGPAXKEHHI Ha TOpE, IPUHALIEKAIIMX K KJIACCy KBaHTYEMBIX 110 XaHH3I0 —
Beppn. [l paccMaTpUBacMOro HaMH OTOGpPaXKeHHs KOTa APHOJIBA METO HYK[AeTCH B
reKoTopoii Momudukamuu. Kak 1 B paGoTe IKXapiia, OrpaHAIMMCS] CIIyIacM IPOCTbIX N.
PaccMoTpuM BEKTOp

v, =0-exp| 2ri/N)(am2+bm+c) |=0-oam*+bmc, (7.6)

rie 6=+1, a mapaMeTphI a, b, ¢ — EeJIble, ONPENiCNICHHbIE O MONYIIO N, u nogelicTByeM
Ha Hero onepatopom spomouus (4.13). Ecim a#-1 (mod N), To cyMMa BbIMMCISETCS C
ucrob3oBanieM dopmyi Faycca, W pe3yabTaT NMpeicTaBiIseTcss BHOBb B Bupe (7.6).
Ecmn, omHako, a=—1 (mod N), TO pe3yJbTUPYIOLMA BEKTOP VW, '~<d,;, TO €CThb HE
omuceiBaeTcs dopmynoi (7.6). C npyro#i cTopoHsl, Gyfyus NOABCPrHYTHIM NCHCTBHIO
olepaTopa 3BOIIONMH, ITOT BEKTOp cHoBa npuHuMaeT BuR (7.6). Ilosromy ero
1eJIeco00pa3HO BKJOUMTh B KJIACC JONYCTUMBIX BEKTOPOB. [lIst 9TOro JOMOIHHM
MHOXCCTBO paspelleHHbIX 3HateHmi napamerpa a (0, 1,..., N—1} eme omsum

cumBortoM O («o6paTHBI HYJIb») U TIOJOXAM

6 JIns KaXOOro MPUCYTCTBYIOWIEIO B CHEKTpe YHCNIA A; paccMOTpeHHasl MpoLE/lypa MO3BOJAET
NONYYHTL OJHH COGCTBEHHBIA BEKTOp M3 OJHOTO IPOGHOTO BEKTOpA. Ipy Hannuuu BLIPOXJIEHHSA IS
HAXOXJICHHST BCEX MMEIOUEXCA COGCTBEHHBIX BEKTOPDOB IPOLEypy TNPHXOJIMTCA NOBTOPATL €
UCTIONIb3OBAHHEM JPYTMX NPOGHBIX BEKTOPOB CTONBKO pa3, KaKoBa KPATHOCTh BbIPOXJICHHS. 3arem
MONyYEHHbIE COBCTBEHHBIE BEKTOPbI MOXHO OPTOIOHANIN3HPOBATD TIO METOLY I'pama — HIMupra.
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v,,=F(m; a,b,c.0), (7.7)

rje

oN-2exp[(2ni/N)(am2+bm-+c) |=oN- 12 +bm+c q=01,... .N-1,

F(m; ab,c,0) = _
o-exp(2nic/N)8,,, a=0.
Teneps neficTBHE oNepaTopa 9BOJIOIUHM MOXKHO PACCMATPUBATH MPOCTO Kak
nepecteT ONpelelAoIMX BEKTOP COCTOARNA NapaMeTpos (a, b, ¢, 0) MO CICTYIOLMM
paBUJIaM.

2(1+a)

Ecmu a# 0 u a#N—-1, To 6'= N

a=2(1-2(1+a)), b'=2+2(1+a)b, '=c+(1~N2)/8-2-2(1+a)b? (mod N).
Ecmu a=N-1, 10
o’=0, a’=0, b'=b, ’=c+(b2+b)/2 (mod N).
Ecmm a=(_), TO
o'=0(-1)¥-12, a’=2, b'=2-b, ’=c+b2—[N/4] (mod N).

Uepra cBepxy 00O3HAYAET YMCIIO 0GpaTHOE K JIAHHOMY HEJIOMY MO MOfyIo N, To ecTh
xx=1 (mod N), B wactoctr 2=(N+1)/2. CornacHo Manoi Teopeme Pepma, x = x¥-2

X
(N — npocroe). Bb:paxerme( N )ecm cumsoit Jlexkanppa, sto 1 wm —1 B 3aBucHMOCTH

OT TOTO, CYLIECTBYET WM HET TaKOE 1IeJIoe, KBaJIpaT KOTOPOI'O PaBeH X 110 MOYJO N.

YpaBHEeHuME IS NapaMeTpa d HE 3aBHCHT OT OCTAJbHBIX COOTHOLEHHMH. OHO
MOPOXK/AET IEPUOIMUYECKYIO JAMHAMUKY, XOTsl ObI MO TOH NPHUMHE, YTO MHOXKECTBO
3HAUCHUI @ KOHEUHO. YPaBHEHMS I OCTAJIbHBIX MapaMmeTpoB b, ¢, O CONEpXaT a B
KaueCTBE  «BHEIIHETO TEPHOOUYECKOrO  BO3IEHCTBUS».  UMCICHHBIC  pacUeThbi
[I0Ka3bIBalOT, UTO B 3aBHCEMOCTH OT N M OT HavYaldbHBIX 3HAUCHHA 4 U b MOXET
peamuzoBatbest nepuon T(N), T(N)/2 u 1. BupoueM, B mo0oM ciTyuae HadabHbIi HAGOP
NapaMeTPOB BOCIIPOM3BOJUTCS depe3 Kaxpple T(N) maros.

CxeMma urepanuii 1y mapametpos (a, b, ¢, 6) JIETKO pealli3yeTcs Ha KOMIIBIOTEPE.

3T0 MO3BOJAET JaXKe MPH OUYEHb GOJILIIMX TPOCTHIX N MOMyJaTh COGCTBEHHBIE BEKTOPBI
¢ TIOMOIIBIO cooTHoMIeH s (7.5), KOTOpoe MepenuCchIBAETCS B BHJIE

) =(UT)ZhoF (13 agbisCiG)exp(—2miskiT), (7.8)

rrne T — coOTBETCTBYIOUTHA NEPHO].

Ha pmc. 15 nokasaHo, Kak BRIVISAWT  DACOpENC/ICHHE aMIUIMTY[ IO
IPOCTPAaHCTBEHHON KOOpHAMHaTe H  pacnpefieficHue XyCcuMd JUIsi  HCCKOJIBKHX
CODCTBEHHBIX BEKTOPOB MpPH NOCTaTOMHO GosbmioM N. B ciyuae, Korga cOOCTBCHHBIA
BEKTOp IIONyYaeTCsd M3 IWMKJIAa MepHoga 1, ero CTpyKTypa CpPaBHMTEIILHO IIPOCTa,
IIOCKOJIbKY 3ajiaeTcsi BblpakeHueM BHma (7.6). JIns  cOGCTBEHHBIX BEKTOPOB,
nojlyuaeMblx ¥3 uukioB nepuoma T(N) u T(N)/2 xapakTepHO NpPOCTPaHCTBCHHOE
pacmpefieieHde, MOXOXee Ha pealM3allMl0  HEKOPPEJIMPOBAHHOM  KOMIUICKCHOH
cry4aiiHO# TocnefoBaTenbHOCTH. [l cpaBHenust Ha puc.16 m 17 nmokasanbl npumepsl
COOCTBEHHBIX BEKTOPOB JUI  OTOOpaXKEHMM C  pPEryispHOd  JUHAMMKO#  —
napabonuueckoro u aymunTEaeckoro Ttuma. (CreayeT 3aMeTHTh, YTO B MOC/ICHHEM
clydac, B CHJIy HAJNMHsl BBIPOKIACHHS BBICOKOH KPAaTHOCTH, MMEETCS 3HAMUTCIIBHBIH
IPOH3BOJI B BLIGOPE BU/Ia COGCTBEHHBIX BEKTOPOB. )
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6) A=

B)A =
0.9814+0.1921i

Puc. 15. TlpocrpaHcTBeHHass CTPYKTypa HECKOJNBKMX COGCTBEHHbIX BeKTopoB  (cieBa)
COOTBETCTBYIOUIHE WM pacnpejieyieHuss XycHMH Ha 1wiockocTH p=PIN, x=Q/N jns XBaHTOBOro
oToGpaxenus KoTa ApHonsjia npu N=131. Hauano koopjunat Ha jiarpammax pacnpejiefieHusi XycCuMu
B leHTpe KBajlpata. CoGerBeHHble BeKTopsl (a)—(8), XapakTepH3yoUHecs —XaoTHYECKUM
pacnpefielicHueM, NojiyueHbl M3 UMKia mnepuojia T(N)/2=65 npu nojicraHoBke cpopmbl (7.6) ¢
HayanbHbIMU 3HaueHusiMu a=1 u b=0). Bektop (2) UMeeT PErYISIPHYIO CTPYKTYPY M HENOCPENCTBEHHO
Bhipaxaetcs copmyinoft (7.6) ¢ a=71, b=6
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a) P=3 6) P=30
2=0.8816+0.4721i 2=-0.8926-0.4508i

ImYy

X h
ZRW P ZR&?W

p

Puc. 16. TIpocTpascTBeHHas CTPYKTYpa [IBYX COGCTBECHHBIX BEKTOPOB (CNEBa) H COOTBETCTBYIOUIME UM
pacnpeneiennst XyCuMH Ha miockocTd p=P/N, x=Q/N pns KBaHTOBOrO 0TOGPaXEHUs! 1apaboINyecKoro
tHna (cBobGojiHOE JBUKeHMe Ha Tope) mpH N=131. Kaxppii coGCTBEHHbI BEKTOpP OJHOBPEMEHHO
ABJITETCs COOCTBEHHBIM BCKTOPOM oneparopa K, TO €CTb XapaKkTepr3yeTcs Onpe/ieNIEHHbIM UMITYJIbCOM.
Hokasanbl Bektopbl ¢ P=3 1 30 (mod N)

B pa6ore 3kxapia ocTaBjIeH OTKPBITHIM BOIIPOC O B3aMMOCBSI3H MEXHY IHUKIAMH
OpM MTEpAlMAX INEPEMEHHOA @ M IEPUOIHMUCCKUME OpOUTaMU  KJIACCHYECKOTO
oroOpaxenust. UToObl IPOSICHATE ITOT MOMEHT, 3aMETHM, UTO BEKTOp coctosnus (7.6)
MOJKHO IIPEICTABUTH KaK COOCTBEHHBLIA BEKTOp I ONEpaTopa, IMOCTPOEHHOrO U3
onepatopoB Beitns — I'eifizenbepra, a MMCHHO

(K+)eAP)Y=0Lly). (7.9)

rae L — HekoTopoe neioe ukcio. Mcnonssys onpefienenne oneparopos K u A (3.10),
HEpENHChIBAEM 3TO YpaBHEHHE B IBHOM BHJE:

Wm—QaP(m—Q):aL\Vma (710)

IIPHYEM Y, x=V,, B CHJIy YCIOBHA IMKIMYHOCTH. ITONCTABISSA W, oc0t@m®+brec, BUTAM, ITO
ClIeyeT HOJOXUTD

a=20P, b=-2P-LQ (mod N). (7.11)
HMHBLIMH CJIOBaMH, COCTOSIHUE C 3afaHHLIMUA @ B b MONYIUTCH, €CITH
L=0, Q=-ba, P=-2b (mod N). (7.12)

Yro6bl OayYHTh cocrosiue ¢ a=0, nonaraeMm Q=0, Torga y,,<3,,, u b=LP.
Hamee, cnemyst cXeMme pacCyXJeHHH pasfena 5, BEKTOp COCTOSAHHS B MOMEHT
BpEMeHHM k MOXKHO HalTH KakK cOGCTBEHHBIH BeKTOp onepatopa (K ))2AP, rmie HIKHM

MHJICKC kK HYMEpPYET IOC/IEOBATEILHOCTh OIEPATOPOB, MOPOXKIACMYIO OTOGpasKeHHEM
(3.18). Kak yxe GbUIO MOKa3aHO, ¢ TOMHOCTHIO JIO (ha30BOrO MHOXKHTEJA, OLEPATOP
(K*)9(Aw)? cosnapaer ¢ (K")QYAPY, rie PO u Q) NOAMMHAIOTCA KIIACCHIECKOMY

oToGpakeHHIO KOTa ApPHOJIBJA Ha AUCKPEeTHO# pereTke pasMepa NxN (5.15). Kaxnoi

a) a=1 6) 2=-i B) 2=-1 r) a=i
X Q X Q X # X a
P P P P

Puc. 17. Bup pacnipejiesieHnst XyCHMHM JUIs Y€ThIPEX BEKTOPOB, NPEJICTaBJIEHHbIX B PA3JIOXKEHHH rayccosa
MaKkeTa MHHUMAJIbHOH LUMPHHBI, COBEPUIAIONIErO JIBUXKEHHE N0 3aMKHYTOH OpOMTE, CTapryloued us3
rouku P=7, 0=3 B cnyyae oroGpaxeHHs amunTHyeckoro tuina (obparHoe npeoGpasosanue Pypbe),
N=131
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Puc. 18. K nosicHEHHIO B3aMMOCBSI3H MEX]Y [IMKJIAMH, MOPOX/IaeMbIMHM ypaBHEHHEM JIIs1 TapaMeTpa a B
MeTofie JKXapjia ¥ NEPHOIUYECKHMA OPGHTaMH KIIACCHYECKOTO OTOOPaXEHHS Ha JIICKPETHOM pelieTke

NxN. Kaxpoit sueiike peuterkn (P, () NpUNHCAHO 3HAYERME a=20P (mod N), a obxoj sueek

OCYILECTBISIETCA 110 TIPaBHIIaM HTepalMil KllacCHuecKoro orobpaxenns. [lns N=11 noka3zaus! jiBe
OpGHTEI, oTBevarolue nepuony 1 (a) n 5 (6) B 3BoMOUMU NapameTpa a

TOUKE 3TOH pEUIETKH COOTBETCTBYCT OIpefle/IeHHOE 3HAUCHWE mapameTpa a=2QP
(puc. 18). Tlepuonuueckass opbura orobpaxenus (5.15) nocemaer onpepeseHHbIE
TOYKM Ha penieTKe, OOECIeuMBasi COOTBETCTBYIOIIEE TEPHONMIECKOE WM3MEHEHHe

BCJIN'IWHEI 4.

8. 3ak/noyeHne U KPaTKuii 0630p

M3m0KEeHHLI MaTepuayl, HECOMHEHHO, IIO3BOJISIET COCTABHTH OIIpENieJICHHOEe
BIEYaTIeHUE O XapaKTepe KBAHTOBOH JMHAMWKM MOJEIBLHBIX OTOOpaXCHHU HA TOpE, a
TaKXe OIYTHTH TE PAa3IMYHsl, KOTOPbIE HMEFOT MECTO MCKJY CHCTEMAaMH C PETYJISIPHBIM
M XAaOTHUECKHM TOBEICHHEM. Bce e TOBOPHTh O JIOCTHXKCHHMHM NOJIHOM SICHOCTH U
ONpENie/ICHHOCTH B 3THX BONpocax ToKa ewle TpyaHo. TeM He MeHee, aHaummu3
PAaCCMOTPCHHBIX MOJICTIBHBIX CHCTEM, HECOMHEHHO, CIYXHUT XOpOLUMM BBETICHMEM B
TNpOOIEMATHKY KBaHTOBOPO Xaoca M IMOJTOTAaBIMBACT OCHOBY JUIi oOpalienus K Goee
CJIOXKHBIM 3ajavaM.

K coxaneHuio, JIO HACTOSIIEr0o BpPEMEHM B OTEYECTBEHHOW JMTEpaType
IPAKTHYECKH OTCYTCTBYIOT NYO/HMKAllMM IO WMCCACHOBAHMIO KBaHTOBOM JIMHAMMHKH
JIMHEHHBIX OTOOpaXKeHH Ha Tope M OMH3KAX K HUM MO YPOBHIO CIIOXHOCTH MOJEIeH,
TaKMX Kak orobpaxenue nekaps. [losTomy uist yioGCTBa TUTATENS KaXKETCH YMECTHBIM
IPUBECTH KPaTKHi 0630p paboT, MMEIOLIMX OTHOIIEHHE K 3aTPOHYTBIM BONPOCAM.

Knaccrueckoe oToOpa)keHne, IONYYHMBIIEE BIOCIHECICTBHM HA3BaHUE «KOT
ApHonpa» mosBisieTcss B KHure ApHomema [13], kak npocreiiumii npumep
TIPECTABUTENSI TAK Ha3bIBaeMbIX Y —cucTeM AHocoBa. JIOKa3bIBacTCH HAJIMIKE Y 3TOTO
oTOGpaXeHuss BECKOHEUHOro (CYECTHOr0) MHOXECTBA HEYCTOMUMBBIX IEPHOIMYECKHX
OpGMT, a TaKXe CBOHCTB NEpeMEIMBaRUs M IproguIHocTH. COOTBETCTBYIOLIME
(bOpMYTHPOBKH H [JOKA3aTE/ILCTBA IPHBENCHBI TaKKe B KHUre Jlesany, riie, KpoMe TOro,
BBLINOJHEHO TIOCTPOSHAE MapKOBCKOrO pa3CHEHHs M JIAaHO OlCaHue OTOOPAXKEHUs KOTa
ApHOJIbJa Ha A3bIKE CUMBOTHIeCKOl juamuku [14]. B cepun pa6or [33-35], punamuka
JMHHCHHBIX oToOpaskeHMH Ha Tope Oblla HMHTEpNPETHPOBaHA B TCPMHHAX
anrebpandeckodl TEOPHH WYHCEN, YTO TIO3BONWIO INIYGOKO OCO3HaTh  MHOTHE
OCOBEHHOCTH IUHAMHUKH, M, B YACTHOCTH, CTPYKTYPY MHOXECTBA IIEPHOIMIECKIX OPOHT.

39



OCHOBOIIOJIATAIONIAsl CTaThs, MOCBSAIICHHAs KBAHTOBAHMIO JIMHEHHBIX OTOOpa—
xeHnit Ba Tope (B npejcrasnennu Hlpenunrepa) npurapieskut Xauuawo u Beppu [15].
OHu HCXOmAT M3 (POPMYIHPOBKH KJIACCHUUECKOrO OTOOpaKCHUS uepe3 IIPUHIHMI
HaMMEHBLIEro JICHCTBHS M 3IKCIUIyaTUPYIOT CBfA3b 3TOrO IPUHUUIIA € KBAHTOBOH
MEXAaHUKOM, UTOOBI MOJYYUTHh CHavajia ollepaTop 3BOIONUM I BOJHOBOH (PYHKIHH,
onpefie/icHHO Ha OGECKOHEYHOH OcCH. 3aTeM Ha BOJIHOBYIO (DYHKIHIO HaJararorcs
YCJIOBHSI, OTBEYAIOIIME IIEPHOIMYHOCTH HAa TOPE, M € IIOMOIUILIO aHAJIUTHYECKHX
BhIpaKeHHUI /ISl FAyCCOBBIX CYMM IIPOU3BOJIMTCA COOTBETCTBYIOIAsA NepedopMyInpoBKa
oneparopa spomonnu. Kak nokazann XaHHs# 1 Beppu, st Toro, aTo0bI NPEIOXKEHHAA
cxeMa KBAHTOBaHMsI OCTaBaJiach CIIPABE/UIMBON IIPH BCEBO3MOXHBIX LENbIX 3HAUCHHUAX
KBAaHTOBOro mapaMmeTpa N, MaTpula KJACCHUECKOIO OTOOpPaKCHUS € COHHMIHBIM
IETEPMEBHAHTOM JIOJDKHA TpefcTaBasaThes B Buje (3.19). PaGora couepXuT NpUMEpEI
KBAHTYEMbIX B JTOM CMBICI€ OTOODAXKCHHMM 3SJUIMNTHIECKOrO, NapabonMIeckoro
runepboNIMIEecKOro THMa. BBOOMTCA NOHATHE KBaHTOBOIO BO3BpaTa, OOCYXKaeTcs
CIIEKTP KBa3WIHEPIHil, a TakxkKe JUHaMMKa (PyHKUUM BHrHepa Ha HMCKPETHOH pellleTKe
pasmepa 2Nx2N. Ha pycckoM s3bIKe MMEETCS TOJLKO OYCHb KPATKOE M3JIOKEHUE ITOH
pa6orsi B kumre llycrepa [12].

CilefiyeT OTMETHTb, UTO OTOOpa>KCHHE «KOT APpHOJbIA» BHIA p'=p+X, X'=p+2x
(mod 1) He OTHOCHTCA K KJaccy KBaHTyeMbIx no Xauuaio — Beppu. Ero kBanroBanue
it YeTHbIX N nposeeno PopioM ¢ coapropamu [17,25.36], a anst HeueTHbIx N, mo—
BHIMMOMY, BIICpBbIC B HacTosLICH padore.

Okxapn [18,37] npennoxnn addpeKTHBHYIO CXEMY BBLIMMCICHHS COOCTBEHHbIX
BEKTOPOB JUIsl OTOOpaKCHHUi, KBaHTyeMbIX 110 XoHH310 — beppH, u nokasan, uro asis
GOJILILIMHCTBA 3THX BCKTOPOB Mpy GONbLIMX N IIPOCTPAHCTBEHHOE pacnpejieieHne HMEeT
BMJI CJTyUaillHOHN (PyHKLUMH.

Bo3moxHOCTH 060011IeHUS JISITYHOBCKMX IIOKa3aTesledl Ha KBAaHTOBbIE CUCTEMBI Ha
npuMepe oTobpakeHuit Ha Tope paccMaTpusanu Topa n Mkena [38], a Takxe ®aiican u
IllBenren6ex [39]. BzauMocBsizb  Takoil XapakKTCPUCTHKHM Xaoca KaK SHTPOIHMS
Komnmoroposa — CuHast cO cBOHCTBAMH [MHAMMKM KBaHTOBBLIX OTOOPAaXEHHA Ha TOpE
o6eysxpanack Kimmexkom u JlecuueBcku [40]. DOnosutu ¢ coasropamu [41], a Takxke
Bysyuna u je Buespe [42] oGocHoBaiM BO3HMKHOBEHHE CBOWCTB IE€PEMEIIMBAHUS H
3PrOJUIHOCTH B JIMHAMUKE TMNCPOONIMYECKUMX OTOPaGXKCHUA HA TOpPE MpH NEepexofe K
KJIaCCHUYECKOMY Ipefeiy N—oo.

B3uMocBsi3h  MeXIY  KJIaCCHUECKHMU  NEpUOJMYECKUMM  opOMTamMu  H
CHNEKTPaJIbHbIME  CBOWCTBAMH  KBAHTOBBIX CHCTEM C  JIACKDETHBIM  BPEMCHEM
(orobpaxenuil) Gbuta ycraHoBncHa TaGopom [43]. [Iyis kBaHTyeMbIX 1m0 XaHHIIO —
Beppy oTobGpaxeHHil Ha TOpE HCCICIOBAHHE NEPHOIUUECKUX OPOMT M CHEKTPAIbHBIX
CBOMCTB, BKJIIOUAas BbLIBOJ M aHAJIM3 COOTBETCTBYIOLIEH (race—(OpMyIIbl, BbIIOJIHEHO
KuTHHrom 530,31]. AHaJIOrMYHOE COOTHOLICHHE ToTydyeHo O3opuo e AJIMEHNION H fla
JIyzom [32] ¢ ucnonb3oBaHneM uHTerpajia No TpackTopusM. Kak okasanoch, s
rUIepOOTMUECKHX OTOOPAXKCHHIT Ha TOpE CTaTHCTHUECKME CBOWCTBA PACIpPE/IC/ICHUS
YpOBHCH KBAa3M3HEPIHU HOCAT OCOObIA, HETHIHMYHBIA 71 APYTHX CHCTEM C KBAHTOBBLIM
Xa0COM, XapaxkTep, HOJINE PKUBAFOLTUI TEOPETHKO—UUCIIOBYIO npHpOAyY
3aKOHOMEPHOCTEH JMHAMHMKH. BKIiIFOUEHHE Majoro BO3MYIUCHMs, NPCBPAIAIOETro
orobpaxeHne B HElIMHERHOe oToOpakeHne AHOCOBA, IPUBOJMUT K TOMY, UTO CTATHCTHKA
YpOBHCH CTAHOBUTCS TAaKOW K€, KAK B THIMUHBIX KBaHTOBbIX cucTemax [44.45].
CoOTBETCTBHE MEXY CTPYKTYPOHR KJIACCHMUECKHUX NEPUOMMIECKUX OPOUT U KaPTHHKAMH
pacnpenencans XycHMH [UIsi cCOOCTBEHHBIX COCTOSIHHUI 06CyXnaeTcs B pabotax [36,46].

B cepun pa6or ®oppa ¢ coasropamu [17,25,36] B ouens peskoii hopme 3asBIIcHO,
4TO B KOHTEKCTE IpOGJeMbl KBAaHTOBOIO Xaoca IPHHIMII COOTBCTCTBUSI CTAHOBUTCS
HECOCTOATENIbHBLIM. B uactHocTH, craths [17] osarmaeiieda «Kor Apnonbpa: xpax
NpHHIMIIA COOTBETCTBUS». ABTOPBI YKas3bIBAIOT Ha HCCTHIKOBKM, BO3HMKAIOIME IPH
NONBITKAX TPaKTOBATL KBAHTOBOE U KIJIACCUUECKOE OIMCaHMe M INEPEXol K
KJIACCHYECKOMY TNpeEJlelly B KATCCOPUSIX TEOPHH CJIOXHOCTH. XOTHA BbiBHHYTas
apryMcHTaUUsi MHTEPCCHA M 3aC/yXKMBacT CEPLE3HOIO BHHMaHMS, 3asBJICHHC O Kpaxe
NPUHIMITA COOTBETCTBHS CAMO N0 cefe CIIEYET ONEHMBATh CKOPEE KakK MOJICMUICCKUM
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npueM. [To Haemy MHEHMIO, MpaBHJIbHEE CKa3aTh, YTO MpoblieMa KBAaHTOBOI'O Xaoca B
CYLIHOCTU U 3aKJIFOMAeTCsi B TOM, UTOObI pa3o0paThes, KAKOE COJICPXKAHHME FOIDKHO
BKJIAILIBATHCS. B IPUHIIAI COOTBETCTBHSI JUIsl CHCTEM, KIACCHUECKHE aHAJIOrM KOTOPbIX
JIEMOHCTPHPYIOT Xaoc.

Ucnonb3oBanue npefacrasieHus IeiizenGepra mis McclIeNoBaHUS MPOOIIEMbl
KBaHTOBOI'O Xaoca, B TOM UYHCJIe B CHCTEMAaX C TUCKPETHLIM BpPCMCHEM, OGCYKIAlIoCh B
o6uicit mocranoBKe 3acimasckuM [16]. Oneparoper Beitnst — I'eiizenbGepra B KOHTEKCTE
pasJIMMHbIX KBAHTOBBIX 3ajlaY paccMaTpuBalNCh, Hanpumep, B paborax [19,20,23]. B
IPMMEHEHMH K OIMCAHHMIO KBAHTOBOHW JMHAMHKM OTOOPaXKEHMH Ha TOpe 3TOT ammapar
oruactTv Obir paszsur KuaGe [47] m B yxe ynomuHaBmeiics paGore Kimmeka mu

Jlecunencku [40].

Pa3zmmuHble BEpCHM KBaHTOBBIX 0TOGPaKEHMI, MIMEIOIIMX CBOUMH KJIACCHUECKMMH
AHAJIOTAMH JIMHEHHbIE OTOOpaXXeHWsi Ha TOPe, a TaKXKe pPa3sHOOOpa3Hble acClEKThI HX
MMHAMHKH oOcyxXparoTcss B paGorax [48-52]. ITomumo oToGpaxkeHWHl Ha TOpE,
TIPOBOUMJIMCH IOCTATOYHO AKTHBHBIC HCCIICOBAHUS IPYTHX MOJICBHBIX OTOOPAXCHUI, B
TOM UMCJIE OTOOpaKEHMs Nexaps M ero MomuduKanuil. Xors OHH MMEIOT KOCBEHHOE
OTHOIIIEHHE K OCHOBHON TeMe 3TOH CTATLU, Mbl MPUBORUM /i yRoOCTBA UMTATEIS

COOTBETCTBYIOLME CChUIKH [53-67].
B kauectBe pabor, garomux 6olee LIMPOKOe MpeNCTaBeHHEe O NMpOOJIEMAaTHKE
KBAHTOBOT'O Xa0Ca, MOXKHO PEKOMEHJIOBaTh KHUIH M 0030pHbIe ctath [1-6, 12, 16, 29,

37,68, 69].

ITpunoxenne A

KBanToBaHHEe 0TOOpaXKEHUS] <KOT APHOJIBAa»
AJIS YETHBIX 3HaUYeHHit KBaHToBoro napamerpa N

BepHeMcst K MPUHSTOMY B OCHOBHOM TEKCTE olipefiesieHuo onepaTopos K u A
(3.10) ¥ BEIMMCINM JIcTePMUHAHT COOTBETCTBYIOIMX MaTpull. [leTcpMUHAHT MaTpuubl A
€CTh IPOU3BE/ICHUE JIMArOHANBHBIX 37eMeHTOB: Det(A)=od+2+.-+(V-DI=oNWN-1)2, Marpuna

K NpHBOIMTCS K eUHMMHOM ¢ ToMoIpio (N—1)—of nepecTaHOBKM CTONGLOB, TaK WTO
Det(K) = (—1)(®¥-1. Takum oGpa3oM, o6a leTepMHHaHTa paBHbl 1 f71a HeveTHbIX N 1 —1

s gethbix. M3 (3.7) cuenyer, uro Det(K")=Det(K)Det(4), Det(A")=Det(A)Det(K").
IMosToMy pu ueTHbIX N 3HaKM JCTCPMHMHAHTOB MOJIKHbI Gblii ObI M3MEHATHCA B XOJiE
BpEMEHHOR 2BONMIOLUH. ONaceHue, UTO 310 OGCTOSATENLCTBO HOBIEYET HENPUATHOCTH,
onpapfibIBaeTCsA py nepexone K npencrasicauto Ulpeaunrepa (cm. pasgen 3). UroGbl
MCIIPaBUTh  MOJIOKEHUE, IIPUXOJUTCA  HCPCONpeicanth  ¢GopMy  ONEPaTOPHOIO
oTobpaXeHHsi TaK, YTOOBI 3HAK IETEPMUHAHTOB B IPOLCCCE 3BOIIOIMU COXPAHSIICS.

Kak ormeuanoch B pasfuene 2, KOHCTPYMPYs BbIpaskeHue JJIsi onepaTopa K’ Mbl

cTankuBaeMcsi ¢ BbIGopoM — nonoxuth K'=KA uma AK. O6e ¢opMbl COBMECTHMBI C
KJIaccuueckuM otoOpaxkenueM (3.1), Ho HEIKBMBAJIEHTHBI B CUJY HEKOMMYTATUBHOCTH
OIIEpaTOpPOB: OHM OTJIMYAIOTCA HA MHOXUTENb o, NOCKOINbKY KA=0AK. BoiGepem

«IIpOMEXYTOUHBI» BapuaHT K'=a!2ZAK=0-12KA. JInsi BTOPOro ypaBHEHHMs COXpaHseM

cumMmeTpusoBaHnylo Gopmy: A'=AKA. Jlnga vetHpix N npu TakoMm BbIGope BHfa

onepartoproro otobpaxenust umeeM Det(K’)=Det(K)=-1 u Det(A")=Det(A)=-1.
HojicTaBuM BbIpasKeHUs I MATPUIHBIX 3JIEMCHTOB

Kmn= a1 B A,,,,,=(X’"5,,,,, (Al)

B OIIEpaTOPHOE OTOOPaKEHHE
K'=0!24K, A’=AKA (A2)

1 BHIIMCIHM MIPOU3BCICHWA MaTpHUL. B PE3YIETaTE HMECM
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(4 — _ ’ —
Km.n““ m+].na" ”23 A ru.u"amﬂfﬁm.n—l' (A3)

Iepeipem B nipeacTasicHue llpeaunrepa u HaiieM BUA onepatopa aposonun U.
[Mockonbky nospkao Obith UK =KU, u3 (A.1) u (A.3) crenyet

Um.n— 1o l/2:Z]m+ l.n- (A4)
Amnajoruuno, ycnosue UA = AU npu nopcranoBke (A.1) u (A.3) naer
Um.n—lazu_m_lzUm.n' (AS)

M3 (A.4) nust puaroHanbHbIX aaeMenToB nonyvuaeM U, ,=U,, 012, Tak uro U, =

=l ol 112+32+..+(v-D2I=0 0?2, TTanee, ¢ nomotipio (A.S) HaxomuM U, =Uy 0w/ 2-mn+i?,
HeTpynHo yOepuThCS, UTO NONyueHHOe BhipaxeHnue g U, nmeeT nepnoa N 1o oboum
MHJEKCAM.

Boibepem dakrop Uy Tak, utoOsl [Det(U)l=1, a cnen Obin nefcTBUTCIIBHBIM
NOJIOXKUTENLHLIM THciioM. MMeem

Tr(U):Z,,,U()(,Ol"lz/ZIU()(,Z,,,exp(inmz/N) =U()()N|/Zcxp(i7t/4). (A.6)
[Monaras Uy=exp(—in/4)N-122, OKOHUATEJILHO MOy IaeM
U, =exp(—in/4)N- 120w 2-m+)=N-12¢xp|2ri( m2/2—mn-+n2)/N-in/4], (A7)

YTO COBMANACT C BLIPAXKEHUCM, HalfIEHHbIM B patoTe [17].

OnepaTtop U MOXHO TIpeJICTaBUTL TAKXKC B BUJE NIPOM3BEICHUA OLEPAaTOpoB V H
W, OIuChIBAIOIUX CTA[lMY TOJIUKA M PAaCIPOCTPAHEHUS.

Cuegyst obueit ujee, JUisd CTagMud TOMUKAa 3aMEHsiEM B OICPATOPHOM YpaBHCHHH

komOunauuio KA Ha o-12KA, Tak 4TO
K=0-12KA, A'=A. (A.8)

OTciona MOXKHO HalTH, UTO ONEpaTOp 3BOJIOUMH B KOOPIHMHATHOM HpENCTABJICHAH
ONPENEACTCS IMaroHaIbHOA MaTpULICH:
V

hin

=exp(—in/4)orr2,,, =exp(nin2/N—in/4)3,,,, (A.9)

rne ¢a3oBbIi MHOXHUTENb BbIOpaH Tak, uroosl Tr(V)=1.
T1st cTajiMu paciipoCTpaHeHUs! ONEPaTOPHOE OTOOPAKECHHUE BLIGHpPAEM B BHJIC

K'=K, A=arAK, (A.10)
OTKyJla MOJIyYaeM JIsi MATPHUHBIX 3JIEMECHTOB OIEPATOPa 3BOJIOIHMM BhIPaXKEHHE
W, =ckm=n?2fN12=N-12exp|in(m—n)/N]. (A.11)

Kak HeTpyaHo nposeputh, U=WV.

Oneparopbl W u V csizanbl cootnomienueM W=F*V*F, nosromy oneparop U
MOXKHO TIPEJICTABUTE TakKe B Buae F'V'FV.

B KauecTBe OHepaTOPHOro aHajora mapaboiddeckoro orodpaxchus (1.4) npu
wetHblX N ciaefyeT B3sth coorHouienne (A.10). Martpuna omepaTtopa somonuu W
onpenenserca sbipaxkenueM (A.11). Uto xacaercst 0TOOpaxeHus! J/UMITHICCKOrO THIIA
(1.5), To onepaTopHOE OTOOPAXKEHUE MOXHO COXPAHHTH B NPEXKHCM BHJIC, MOCKONLKY
ero UTepaldM He OPUBOMST K W3MCHEHUIO 3HAKA IETepMUHaHTOB. OnepaTop 3BOMIOUMH
COBIANACT, KaK U Ui HeueTHLIX N, ¢ onepaTopom obpaTHoro npeobpa3oBanus ®yphbe.
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ITpunoxenune B
Dpomonus oneparopa K*?Af, nepuoguueckne opGnThI H 32KOH COXpaHEHHUS]

C mnOMOILIBIO OTOOpaXKeHWs, 3aflafollero JUHaMuKy onepatopoB K U A B
npeacrapienun IefizenGepra, MOXHO MPOC/IEIUTH 3BOIIOUMIO BO BPEMEHHM U JIPYIHX
onepaTopoB, mojydaemblx u3 K M A ¢ HCIOJIb30OBaHWEM onepanyil CIOXECHUA H
YMHOXCHHA. B KauecTBe BaXKHOrO NPHUMEpa pacCMOTPUM BCTpEYaroiuifcss HECKOIbKO
pa3 B 3TOi CTaThe OIepaTop K*CA”, neiicTBue KOTOPOrO COCTOUT B BbIIIOJIHEHMH CHBHIA
Ha P I11aros 1o UMIIYJILCY ¥ 3aTeM Ha () IIaroB 10 KOOPAMHATE.

Tonaras K'=KA, A’=AKA u MCIOJIb3ysl KOMMYTAalHOHHOE COOTHOIIcHHC KA=

=0 AK, MOXHO yOETUTLCH, UTO

(K)0=(KA)(KA)(KA)...(KA) =o(@+0)2ACKQ, (B.1)
(A)P=(AKA)(AKA)(AKA)...(AKA) =o-P’KPA?P, (B.2)

Orcrofa cienyeT, ITo
[(K+)QAP]':(K’+)Q(A’)Pz_a—(Q2+Q)/2+PQ—P3(K+)Q—PA2P—Q’ (B.3)

TO €CTh ONepaTOp Ha CIIEAYIOIIEM HIare NPEJICTaB/IeH BHOBbL YE€PE3 HCXOHBIC OEPaTOpbI
K* u A, HO C W3MEHHMBIIMMHCH NOKasarelsMu creneHd Qqy=Q-P wu P =2P-Q nu
IONONHHTELHLIM  (ha30BbIM MHOXHTEJIEM 0-(Q*+0)2+PQ-FP2. COOTHOIICHHE  MEXHY
CTApbIMA H HOBBLIMH IIOKa3aTe/siMH P 1 0 MOXHO IOHHMATh MO MOJyIO N, NOCKOJIBKY
K*N=1u AN=1 (cm. (3.10)).

Ecii MOBTOPHTD OIIMCAHHYIO POERYPY K pa3s, TO MOJNYTHTCS OllepaTop

k-1
(K"’QAP)("):CXP[(“2ﬁi/N)Z,‘=() [(Qz(,')'f'Q(,'))/Z—P(,-)Q(,-)-i'Pz(,')]}K+Q(“)AP("‘), (B4)
rjie BeJMTHHBI P, 1 Qi) YIOBIETBOPAIOT PEKYPPEHTHBIM YPABHCHUSM
Q(i+l)=Q(i)—P (i P (i+1)‘—'2P Q1) (mod N ) (B.3)

¢ HauanbHBIMU yenoBusamu P =P, Q)=0. YpasHenus (B.5) cooTBETCTBYIOT, OIEBUIHO,
UTepal¥siM B OOpaTHOM BpeMeHH oTobpakeHuss Kora ApHombpa P'=P+(Q, Q'=P+2Q
(mod N).

EcJm HauaibHble 3HaucHusA P 1 Q BLIOpaHbl Tak, 4To Touka (P, Q) npuHaIexxur
op6uTe nepuola k OTOOpaXXeHHs KoTa ApHOIbAa, TO Pyy=P u Qu=0Q. Tokaxem, 4To
CTosIiee B IOKa3aTele OKCNOHEHTHI BbIpaXeHHE (KIacCMYECKoe —JIeHCTBHE,
BBLIYMCJICHHOE BIOJH NEPUONUIECKOH OPOUTDI) VIt OTOOpaXKeHHsl KoTa APHONB/Ia PaBHO
Hymo 1o monymo N. Kak MOXKHO BHIETh U3 YPaBHCHUS (B.5), Py=0wy—Qir1y (modN),
I03TOMY BBIpaskeHHE s ACHCTBUS BIOJIb MEPUONMYECKON OPGUTBI MOXKHO IIPCIICTABUTH
TaKUM 00pa3soM:

k-1 k-1
Sp0=Ziz0 (@) +Q1)12—P1\Qupy+P 2)=Zi=o((Q2+Qi))2—01yQis 1y +Q2is1))

k-1
=2 o((N+1)12)(Q%iy+Q i)~ C Qv 1y Q%41 ) (mod N). (B.6)

(3mech UCIOMBL30BAHO TO OGCTOATENBCTBO, UTO YHCIO Q2+ BCEria YeTHOE, a (N+1)/2 —
nenoe B cwiy HedetHocTdn N.) YunThbiBasg IMKIMIHOCTH 0[O MHJEKCY I, TOCHEHHEe
BbIpaXXeHIE MEPEIHIIEM B BUJIC

k-1 A-1
Spo=((N+1)/ z)z‘i:()Q(i)(—Q(i—1)+3Q(i)_Q(i+]))+((N +1)/2)Z0Q 5 (mod N). (B.7)
Ho u3 ypasaenuit (B.5) cnemyer, aro (=Qi-1+30»—Qi+1y)=0 (mod N). Kpome Toro,
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CYMMMPpYsl 3TO BbIpaXKeHHE MO BCeM JICMEHTaM IMKJIa, HAaXOIUM, ITO Z;OIQ(,-FO (mod N).
Hrak, u3 (B.7) BUAHO, UTO CyMMa IefiCTBUTEILHO PaBHa HYJITIO 11O MOAYIIO N.

Ecnn BcnoMHUTE, UTO Py=P u Q4y=0, To u3 (B.4) MOXHO 3aKIIIOUHTB, YTO
(K*CAPYP=K*CA? unn U~*K*CATU*=K*CA". Taknm o6pa3oM, ecau napa yeawix uucean
(P, Q) npunaoaexcum opbume nepuooa k omobpaxcenusa kKoma ApHoasoq,
onpedeaeniozo na Ouckpemnoii pewemie padmepa NxN, mo onepamop K*CAP
KOMMYMupyem ¢ ORepamopoM 360Ar0Uuu 3a k epemennbix wiazoe. VIHbIMH cJIOBaMH, C
TOUKM 3pCHHS JAMHAMHUKM 3a k 11aros, K*CAP ectn coxpamsrowanca eeauuuna, wim
olepaTop CHMMETpPUHM JUISi KBaHTOBOH cucTembl. (CoGCTBEHHbIE BEKTOPBI 3TOrO
olepaTopa GYJlyT OJIHOBPEMEHHO COOCTBCHHBIMH BeKTopamu UY, npuieM HaliTH X OUCHb

IIPOCTO, HGO MAaTPHUUHLIC 3JIEMEHTHI oniepaTopa K *CAP umeror Bun o, g ,)-

IMTpunoxenue C

Kaaccnyeckue nepuogHyeckKe opoHThI H CIeKTPa/ibHble CBOINCTBA KBAHTOBOTO
0TOOpaXeHnst KOTa ApHOJbAA

YCTAaHOBJIEHUC CBSI3U MEXJY KJIACCHMCCKUMH HEPUOIMIECKMMHM OpOMTaMH H
CNEKTPalIbHLIMU CBONCTBAMH KBAHTOBBIX CHCTEM — OJHO M3 BaXXHEWMIIMX JTOCTHXKEHHH
TEeopMH KBAHTOBOIO Xaoca. B oblueM ciiyuae ata CBA3b BbIPAXKaeTCHd TaK Ha3bIBAEMOM
trace—cpopmyiion T'yrupmwuiepa [4,6,29], a B KoHTeKcTe NHMHEHHBIX OTOOpaXkeHW# Ha
tope paccMarpusactest B [30-32]. YuuTnisas HalpaBIEHHOCTh HACTOSIUEH CTATbH,
€CTECTBCHHO OOCYIUTL B3aMMOCBSI3L ICPUOIMUCCKUX OPOUT M CIICKTPAJIbHLIX CBONCTB B
cBeTe AuHamuKy onepatopoB Beins — IeitzenGepra. [TocKonbKy ClIEeKTp KBasH3HEpPIrui
OJIHO3HAYMHO OIpCJEeNseTcsl  trace—IoCIeNloBaTeIbHOCTDIO,  3aJaJMMCsd  BOIIPOCOM O
HAXOXIEHNM 3TOH TMOCJCNOBATE/ILHOCTH 'EpE3 IBOMOHHOHUPYIOLIME BO BpPEMCHH

onepatopbel K 1 A.
Ciieqi MaTpuIIbl OllepaTopa 3BOONUH 3a k maros Uk npepcTaBigeTcs B BUIE

S=TH(U)=2 oL {QIUHQ)=T - (OIK L K2I0), (c.1)

riae Ga3UCHBIE BEKTOPLI B KOOPAMHATHOM IpeACTaBIeHUH |()) BbIpaKEHbI ¢ MOMOUIBIO

onepatopa casura K¢ uepes ofiH U3 3THX BEKTOPOB, 10).

Tak Kak yHMTapHOE TpeoOpa3’oBaHUC MaTpUILI HE MEHsCT CJIel, B HOCHE/HEe
BbIpakeHHe BMecTo Uk MOXKHO NOACTAaBUTL KoMmOunammio APUA*P, rpe P — moGoe
uenoe. Jlanee, HOCKOJIBKY PE3YIILTAT HE 3aBUCHT OT P, MOXKHO HalMCaTh

Si=(LIN) Epoo ol OK 2 APURAFKCI0),

HakoHrell, B HOCJEHHEM COOTHOIIEHHN BMeCTO BekTopa |0) MOXKHO NOJCTaBUTH

Mo0OH HOPMHUPOBAHHBLIA Ha CHMHHIY BeKTOp ly), HOO C OUCBMIHOCTLIO BCEraa
CYIIECTBYET YHHTapHOE NMpeo0pa3oBaHME, HIEPEBOJIALICE OIMH BeKTOp B apyroi. Mrak,
CrpaBeJIMBO NpeNCTaBICHUE '

S =(UN) I S (WIK+CAPURA K Cly). (C2)

Hanee, B cuny (4.3) umcem K+eAPU=UKK®)+C(A®)P. IlycTh Teneph B KauecTse hy)
BLIGpaH COGCTBEHHDIH BekTOp omnepatopa Uk, tak uro (yUi=AKy/}. Torma uz (C.2)
CJIENYET, ITO

A AS=(LUN)Epcy Took Wl(KOY 2(ADY ARy, (C3)
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Benencrsre yHuTapHOocTH oneparopa Uk, A#=(A,*)*, TO3TOMY CYMMMpPOBaHHE IO BCEM
cOOCTBECHHBIM (PYHKIHAAM JacT

1S2=(1/N) Zoro ZoooTH[(KP)2(ADY ATFKC). (C.4)

IMosrydeHHOE COOTHOLICHHE VIS IS(2 npumMeHMMO M MFOG0TO  KBAHTOBOTO
oTobpakeHus Ha Tope. Teneph KOHKPETH3MPYEM MOJEIb U PACCMOTPHM OTOGpaKeHHe
xora Apaonsaa (3.8). Kak crefiyer u3 pesynpraToB npunoxerns B (cm.(B.4), (B.5)),
MaTpuuHble aJeMenThl curypupyromero B (C.4) onmeparopa (K®)*2(AW)"AKC ¢
TOYHOCTBIO 70 (PA30BOTO MHOXHMTENs PaBHbI 8,.p_p, ,0"Cw~Q. EciH OTHOBPEMCHHO
Puy=P u Qy=0, TO 3TO CHUHUYHBIA omepaTop, clief] KOTOpPOro paseH N, B IPOTHBHOM
Xe ciyuae ciel Hynaepoi. ITosToMy BKIal B CyMMY JafyT TOJBKO TE€ MApbI (P, Q),
KOTOpblE HpHHAVICKAT NCPHOJUYECKHM OpOHTaM KIIACCHYECKOro OTOOpaXeHus ¢
nepuonoM k (BKJIE0Yast T€, NEPHOT KOTOPBIX SIBISICTCA JCIMTEIEM THCTIA k). Toaromy u3
(C.4) BbITCKAET, YTO

k-1
|Sk|2 = E GXp[(ZTCl/N)E =0 (Q(1')2+Q(i))/Z—P(i)Q(,')+P(f)2]- (CS)

1O BceM HavanbHBIM TOUKaM PO,
NpMHajTeXalluM opiuTaM nepropa k

Ianec, B NMpuIOXeHMH B HoKa3aHo, uTO cyMMa, (purypHpyromas noy 3HakoM
3KCTIOHEHTHI paBHa Hymo nmo Mofymo N. Takum oOpasom, A oTOOpaXKeHHA KOTa
ApHOJIbIa OKOHYATEIILHO MEEM

yucno touex (P,Q0),
S,12 = mpunajexammx opouram mepHona k (- (C.6)
Ha perneTke pasmepa NxN

Dra ¢opMyna [O3BONSET C TOYHOCTBIO O 3HAKA HAHTM WICHBl lrace—
MOCJIENOBATEILHOCTH MyTeM IOJcYeTa JUIsi JaHHOrO N BCeX MEPHONUICCKAX OpOHT
KJTACCHUECKOTO OTOGpaXKeHHsl, KOTOPblE MMEIOTCS Ha JUCKPETHOR PEIIETKE pa3Mcpa

NxN.
Paboma evinoanena npu unancosoii noodepwxe Poccutickoeo ponda
ByHoamenmabrvix uccaeoosanuti (npoexm N 97-02-16414).
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Hncmumym paduomexnuru u ITocmynuaa 8 pedaxyuro 10.04.98
aaexmporuxu PAH,
Capamosckuii punuan

ARNOLD’S CAT MAP: QUANTUM CHAOS AND OPERATOR DYNAMICS
IN HEISENBERG REPRESENTATION

S.P. Kuznetsov

The quantum model system is considered for which the classic analog is the known
Arnold’s cat map. Due to periodicity conditions for the phase space, quantum states are

represented by vectors of finite dimension N, and operators by NXN matrices. The integer
parameter N characterizes a relative value of quantum effects; classic limit corresponds to
N—oo, Operator map is suggested which governs discrete time evolution in Heisenberg

representation for operators of finite shifts for position and momentum. Explicit form of
evolution operator is stated in Schrédinger representation. Solution for non-—stationary
problem is presented and discussed for initial conditions taken as localized state, two del—
ta—spikes, Gaussian wave packet. Quantum dynamics in terms of Husimi distribution and
Wigner function, quasi—energy spectrum and eigenvector structure are discussed on a ba-
sis of dynamics of Heisenberg operators.

Kysneyoe Cepeeti [lemposux pomguncst B 1951 ropy. Hdokrop dusuko--
MaTeMaTHYeCKHX HayK, BERYIIMIl HayuHblii coTpynHuk CapaToBckoro cunnana
HHctuTyTa pajHoTeXHHKH H anekTpoHMkH PAH, npodeccop 6a3osoil kadenpbi
IuMHaMu4ecKHX cHcteM Caparobckoro rocyHuBepcurera B COHPD PAH.
CrenpanucT no HeJHHeHAHON FUHaMHKKe, TEOPHM AMHAMMYECKOrO Xaoca M TEOpPHH
KPUTHYECKHX SBNEGHUA. 3aHMMaeTcss TakKXe HCCejloBaHHsIMH B o6nacTH
kBaHToBoro xaoca. OnyGnukosan cBbime 100 paGor B oredecTBEHHOR i
3apyGexHoil HayuHoil neyat. CoaBTOp [BYX MOHorpacuit # ofHo#l MomynsapHOH
KHHIH. ABTOp HECKOJNBKHX OpPHIHHAJbHBIX YY€GHBIX KYPCOB, MPOYHTAHHbIX HM B
pasHble I'ofibl Ha Kadeapax 3meKTpoHHKH ¥ pamuodusukd CI'Y u B Konnesxe
npuknagabix Hayk CI'Y. B 1995 rogy uMran nekuuu no HenuHelHOU Teopuu
kone6auuit B JIaTcKOM TEXHHYECKOM YHHBEDCHTETE.
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